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Preface 


Star-critical Ramsey numbers were originally introduced by Jonelle Hook in her 
dissertation [47] in 2010, working under the direction of her advisor, Garth Isaak. 
In their short existence, star-critical Ramsey numbers have earned a position of 
prominence in the Ramsey theory of graphs. For a collection of graphs, the star- 
critical Ramsey number serves as a measure of the strength of the corresponding 
Ramsey number, hinting at the connectivity of the underlying graphs. Determining 
the exact value of a star-critical number involves a somewhat similar process to the 
determination of the corresponding Ramsey number, allowing standard techniques 
in Ramsey theory to be applied to this related topic. 

In this monograph, I have tried to capture the current state-of-knowledge on star- 
critical Ramsey numbers and their generalizations. Emphasis has been placed on 
developing standard proof techniques and constructions, while offering numerous 
directions for future research. Tables of known results are also provided for quick 
reference. It is hoped that both students and experienced researchers will find this 
book to be a valuable resource. 

I owe a great deal of gratitude to my former research students, as these 
collaborations served as the primary motivation for the creation of this book. In 
particular, my work with Elijah DeJonge ([4] and [5]) and Zoulaiha Daouda [3] on 
star-critical Ramsey numbers appears in this book. Appreciation is also due to Garth 
Isaak for informing me of the connection between star-critical Ramsey numbers 
and deleted edge numbers and Jonelle Hook for sharing a preliminary version of her 
survey article [49] with me. Their foundational work on star-critical Ramey numbers 
continues to motivate many Ramsey theorists. 


Cullowhee, NC, USA Mark R. Budden 
January 2023 
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Chapter 1 
Introduction to Multicolor Star-Critical Cheek for 
Ramsey Numbers 


1.1  Graph-Theoretic Background 


At its core, Ramsey theory is the study of set partitions. One wishes to determine 
how large a set must be to guarantee that a partition of a given size possesses 
desireable properties. In the Ramsey theory of graphs, the primary focus is on 
edge colorings of complete graphs, identifying how large their orders must be to 
guarantee the existence of certain monochromatic subgraphs. Star-critical Ramsey 
theory serves to refine the notion of Ramsey numbers. Describing this theory 
requires a detailed account of the history and background surrounding Ramsey 
numbers. 

We begin by reviewing the standard definitions and notations from graph theory 
used throughout this text. Background from Ramsey theory is also included, with 
references provided for those wishing to learn more about this ubiquitous area 
of mathematics. For basic references in graph theory, the reader is encouraged to 
consult Chartrand et al.’s book [15] (which includes a section on Ramsey theory), 
the classical text [44] by Harary, and the book by West [89]. Introductions to various 
aspects of Ramsey theory can be found in [35, 36, 56, 57, 59, 60, 71, 72, 79], and 
[82], and researchers seeking open problems in Ramsey theory may consult [91]. 

A graph G = (V(G), E(G)) consists of a nonempty vertex set V(G) and a set 
of edges E(G), consisting of 2-element subsets of V(G). We write xy in place of 
the edge {x, y} € E(G). It is assumed that all graphs considered here are simple 
(i.e., loops and multiedges are not allowed). The number of vertices contained in a 
graph G, denoted |V(G)|, is called the order of G and the number of edges in G, 
denoted |E(G)|, is called the size of G. The complement of G, denoted G, is the 
graph with vertex set V(G) = V(G) and edge set 


E(G) = {xy | xy ¢ E(G)}. 
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Two graphs G and G’ are called isomorphic if there exists a bijection f : V(G) —> 
V(G’) (called an isomorphism) such that vertices x and y are adjacent in G if and 
only if f(x) and f(y) are adjacent in G’. 

Within a graph G, vertices that are contained in a common edge, and edges that 
have vertices in common, are called adjacent. If a vertex is contained in an edge, 
we Say the vertex and edge are incident. The degree of a vertex x € V(G), denoted 
deg, (x), is the number of edges incident with x. The minimum degree and maximum 
degree of a graph G are denoted by 5(G) and A(G), respectively: 


6(G) := min{degg(x) |x <€V(G)} and A(G) := max{degg(x) |x € V(G)}. 


A graph H is called a subgraph of G if V(H) © V(G) and E(A) C E(G). If 
S ¢ V(G), then the subgraph of G induced by S, denoted G[S], has vertex set S 
and edge set 


E(G[S]) = {xy € E(G) |x, y € S}. 


The complete graph of order p vertices, denoted K p, is the graph with p vertices 
in which every distinct pair of vertices are adjacent. We will often consider a 
complete graph of order p with a single edge removed, which is denoted Kp — e. 
A path of order n, denoted P,, is a sequence of distinct vertices x1x2---X, such 
that every consecutive pair of vertices form an edge (i.e., x;xj+1 is an edge for all 
1 <i <n-—1). Here, we say that P, has length n — 1 (the number of edges in P,). 
Given a path x1 x2---Xn, if x,x1 is also an edge, then x; x2 ---X,x1 is called a cycle 
of length n, and is denoted by Cp. 

A graph is called connected if every distinct pair of vertices are contained within 
some subgraph that is isomorphic to a path. If a graph is not connected, its largest 
connected subgraphs are called its connected components. The connectivity of a 
graph G, denoted «(G), is the minimum number of points whose deletion results 
in a disconnected graph or a single vertex. If a graph is disconnected, then its 
connectivity is 0. If a graph G satisfies k(G) = 1, then a vertex whose removal 
disconnects G is called a cut vertex. In the case of the complete graph K,,, deleting 
vertices never results in a disconnected graph, but removing n — | of the vertices 
results in a single vertex. It follows that «(K,) = n — 1. In the cases of paths and 
cycles, it is easily confirmed that «(P,) = 1 for alln > 2 and «(C,) = 2 for all 
n > 3. A graph G is called k-connected if k(G) > k. 

A subset of the vertex set of a graph G is called an independent set of vertices if 
no two of its vertices are adjacent in G. The maximum cardinality of an independent 
set of vertices in G is called the independence number of G, and is denoted a(G). 
Note that if @(G) = n, then G contains a subgraph isomorphic to K,, but no 
subgraph isomorphic to Ky+1. 

A standard method for studying partitions of the vertex set or edge set of a 
graph is through the coloring of elements in such a set. In this sense, the colors 
correspond with the subsets of a partition. A proper vertex coloring of a graph G is 
an assignment of colors to the elements in V(G) such that no two adjacent vertices 
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receive the same color. Each color class of a proper vertex coloring of a graph is an 
independent sets of vertices. The minimum number of colors required to properly 
vertex color a graph G is called the chromatic number of G, and is denoted x(G). 
Among all proper vertex colorings of a graph G using exactly x(G) colors, the 
cardinality of the color class containing the fewest number of colors is called the 
chromatic surplus of G and is denoted s(G). A simple consequence of this definition 
is that no proper vertex coloring of G using exactly x(G) colors has a color class 
that uses fewer than s(G) colors. 

The colorings that will serve us most in the study of Ramsey theory are edge 
colorings. A t-coloring of a graph G is a function c : E(G) —> {1,2,..., t}. Here, 
we think of the elements in {1,2,..., f} as being “colors,” and for small values of 
t, we often opt to use red, blue, green, etc. in place of the numbers 1, 2,...,¢. In 
general, it is not assumed that c is surjective, so a graph may be referred to as being 
t-colored, even if its edges are assigned fewer than ¢ colors. Given a t-coloring c 
of a graph G, we say that G contains a copy of H in color i if there exists some 
subgraph of G that is isomorphic to H in which all of its edges are assigned color i 
under c. 

The most common value of t that we will encounter is tf = 2, in which case, we 
may refer to a red/blue coloring of G in order to emphasize the specific colors being 
used. In this case, the subgraph of G spanned by the red edges will be denoted by 
Gr. If x is any vertex in G, we denote by Nr(x) and deg p(x) the red neighborhood 
of x and the red degree of x in Gr, respectively, We define Gz, Ng(x), and deg p(x) 
using the color blue, analogously. 

If G1, Go,...G; are graphs, then the Ramsey number r(G\, G2,..., Gz) is 
defined to be the least natural number p such that every t-coloring of K py contains a 
copy of G; in colori for some | <i < ft. From this definition, it is easily confirmed 
that 


r(K1, Go, G3,...,G;) =1 and r(K2, Go, G3,..., G;) = r(Go, G3,..., Gz), 


for all graphs G2, G3,..., G;. If p = r(Gi, Go,..., G;), then any ft-coloring of 
K p—1 that avoids a monochromatic copy of G; in color i, for all 1 < i < ¢, is called 


a critical coloring for (G1, G2, ..., G;). We denote the set of all critical colorings 
for (G1, G2,..., Gy) by Crit(G,, G2, ..., G;). We may often refer to an element of 
Crit(G1, G2,..., G;) as a “graph,” but it should be understood that it a t-coloring 
of Kp-1. 


In many of the graph constructions described in this text, the concept of replacing 
a vertex with a copy of another graph will be used. If G and G’ are two graphs and 
v is a vertex in G, then the graph formed by replacing v with G’ has vertex set 
(V(G) — {v}) U V(G’). Its edge set consists of the edges in G[V(G) — {v}], E(G’), 
and 


{xy |x € V(G) — {v}, ye V(G’), andxv € E(G)}. 


In this case, G is called the base graph and G' is a block. 
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Many of the constructions we will consider involve operations on graphs. Let G 
and G2 be graphs. Then the (disjoint) union of G; and G2, denoted G1 U Gz, is the 
graph with vertex set V(G,) U V(G2) and edge set E(G,) U E(G2). The union of 
n copies of G will be denoted nG. The join of G; and G2, denoted G; + G2 has 
vertex set V(G;) U V(G2) and edge set 


E(G\) U E(G2) U {uv | u € V(G}) and v € V(G))}. 


In other words, G; + G2 is formed by replacing one vertex in a K2 with G, and the 
other vertex with G2. Note that some authors (in fact, many of those cited in this 
text) use + for the union and Vv for the join of graphs. 

For n > 2, an n-partite graph is a graph in which its vertex set can be 
partitioned into nonempty subsets Vj, Vj,..., Vp (called partite sets) such that 
every edge contains vertices from two distinct partite sets. The complete n-partite 
graph Kky.ko,...,.k, 18 the complement of Kx, U Kx, U---U Kx,. A 2-partite graph 
is referred to as bipartite and the bipartite graph Kj,, is called a star. When 
kj = ky = --- = ky, we write K,(k,) for the corresponding complete n-partite 
graph. 

Given a graph G, a subgraph G’ spans G if V(G’) = V(G). Any spanning 
subgraph of a graph G is called a factor of G and a k-regular factor (one in which 
all of its vertices have degree k) is called a k-factor. A 1-factor is also called a 
perfect matching and a 2-factor is a spanning cycle. The graph G is said to be the 
sum of factors G1, G2, ...G; if G is the line-disjoint union of G1, G2, ..., Gr. If 
G is the sum of k-factors, then their union is called a k-factorization of G and we 
say that G is k-factorable. 

A 2-factor (or spanning cycle) of a graph G is also called a Hamiltonian cycle. 
If G has a 2-factor, we say that G is Hamiltonian. A Hamiltonian path in a graph 
G is a path that includes all vertices in G. If a graph has a Hamiltonian path, then 
it is necessarily connected. In 1963, Ore [74] defined a graph G to be Hamiltonian- 
connected if there exists a Hamiltonian path between every distinct pair of vertices 
in V(G). 

A connected graph that does not contain any cycles is called a tree. A vertex of 
degree | in a tree is called a leaf. It is well-known that a graph is a tree if and only 
if it is minimally connected (i.e., it is connected, but the deletion of any edge, while 
retaining all vertices, results in a disconnected graph). The star Kj, and the path 
P, are examples of trees for all n > 1. A graph that does not contain any cycles is 
called a forest. That is, a forest is the disjoint union of trees. 

The following well-known lemma (e.g., see Theorem 2.20 in Chartrand et al.’s 
book [15]) is useful for arguing that a given graph contains a tree as a subgraph. Its 
proof follows from a simple inductive argument on m and is left as an exercise for 
the reader. 


Lemma 1.1 [fT,, is any tree of order m > 2 and G is a graph that satisfies 5(G) = 
m — 1, then G contains a subgraph that is isomorphic to Tn. 
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Fig. 1.1 The graphs W7, F3, and Bs 


The wheel W,, is defined by W, := K, + Cy—1, where n > 4. Note that some 
authors prefer to use the notation W, to mean K; + Cy, but throughout this book, 
W,, will be a wheel of order n. For n > 1, the fan F, is defined by F, := K, +nK2 
and has order 2m + 1. For n > 1, the book By, is defined by B, := Kz +nKy, and 
has order n + 2. Figure 1.1 shows examples of these three types of graph. 

In general, this text does not provide proofs of known results on Ramsey numbers 
(that would easily lead to its own book), The focus instead is on the evaluation 
of star-critical Ramsey numbers, highlighting the various proof techniques that 
have been used in the literature, and capturing the current state-of-knowledge on 
this topic. The asymptotic behavior of star-critical Ramsey numbers does arise in 
numerous locations. To properly state such results, recall little-o notation, where we 


write f (nm) = o(g(n)) when f and g are functions of 7 that satisfy lim £ iat = 0. 
n—->oo 


1.2 Adding or Deleting Edges 


Star-critical Ramsey numbers were originally introduced by Hook and Isaak (see 
[47] and [50]). The reader is encouraged to consult the recent survey article by Hook 
[49] for a succinct introduction to the topic. Star-critical Ramsey numbers seek to 
measure the “strength” of a given Ramsey number by determining how many edges 
must be added between a critical coloring and a vertex in order for the Ramsey 
property to hold. A special case of this concept had been considered by Erdés et al. 
in 1978 [27], where they credited the result to Chvatal by personal communication. 
They proved that it is possible to red/blue color the edges of K;(x,,,K,) — € SO that 
ared K,, and a blue K,, are avoided. To better frame their result in the context of 
star-critical Ramsey numbers, we must start with some definitions. 

If 1 < ¢ < p, then the graph K, U K1,¢ is defined to consist of the complete 
graph Kp, a vertex x, and exactly ¢ edges between x and ¢ distinct vertices in the 
Ky. We note that Kp LU Kj,¢ is the same graph as Kp+1 — E(K1,p—¢). The star- 
critical Ramsey number r,(G,, G2, ..., G;) is the least natural number k such that 
every t-coloring of K+(G,,G5,...,G,)—1 U K1,x contains a copy of G; in color i, for 
some | <i < t. Two steps are required to prove that r.(G 1, Go,..., Gr) = k fora 
given collection of graphs G;, G2,..., Gy. 
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1. Construct a t-coloring of Ky(G,,G),...,G,)—1UK1,x<-1 that avoids a monochromatic 
copy of G; in color i, for all 1 <i < t. From this construction, it follows that 
rx(G1, Go,...,G) = k since the addition of k — 1 edges is not enough to 
guarantee the Ramsey property. 

2. Prove that every t-coloring of K;(G,,G5,...,G,)—1U K1,¢ contains a monochromatic 
copy of G; in color i, for some 1 < i < t. From this step, it follows that 


rx(G1, Go,..., Gr) < k since the addition of k edges is enough to guarantee 
the Ramsey property. 
Since 


1<r,(G), G2,...,Gr) < r(Gi, G2,..., Gr) — 1, 


proving that r,.(G,,G2,...,G;) = 1 only requires Step 2 and proving that 
rx(G1, G2,..., Gr) = r(G\, G2,..., G:) — 1 only requires Step 1. We say that 
(G1, G2, ..., Gy) is Ramsey-full if 


ry(G 1, Go,..., Gy) = r(G1, Go,..., Gy) — 1. 


That is, a collection of graphs is Ramsey-full whenever the removal of a single edge 
from a complete graph of order r(G1, G2, ..., G;) destroys the Ramsey property 
(the guarantee that there exists a subgraph isomorphic to G; in color i, for some i). 
When G; = G2 = --- = G;, we just say that G; is Ramsey full. 

A concept equivalent to star-critical Ramsey numbers was defined in [4], called 
the deleted edge number. In order to describe it, first define the k-deleted Ramsey 
number Dx(G\, G2, ..., G+) to be the minimum natural number p such that every 
t-coloring of K;(G,,G,...,G;) — E(K1,x~) contains a monochromatic copy of G; in 
color i, for some 1 <i < ft. Observe that 


r(G}, G2,..., Gr) < Dg(G1, Go, ..., Gr) < r(Gi, Go,..., Gi) +1, 
The deleted edge number is defined to be the least natural number k such that 
Dy(G1, Ga, 42+, Gs) = (G1, G2;++., G2) + 1. 


The deleted edge number describes how many edges must be removed in order 
to destroy the Ramsey property, while the star-critical Ramsey number describes 
the number of edges that must be added to critical colorings to create the Ramsey 
property. From these definitions, it follows that 


r(Gi, G2, ain eug G;) = rx(G, G2, sey G;) + de(G, Go, ee | G;). 
Note that it is usually assumed that t > 2, but the numbers considered so far can 


be defined for t = 1. In this case, we find that r(G) = |V(G)| since |V(G)| vertices 
are needed to have a monochromatic copy of G and Kjy(g)| always contains a 
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subgraph isomorphic to G. One can also confirm that r,.(G) = 6(G), where 5(G) is 
the minimum degree among all vertices in G. It follows that de(G, G2,..., G:) = 
|V(G)| — 6(G). 

Next, we state and prove the t-color version of the theorem proved by Erdés et 
al. [27]. 


Theorem 1.1 ((27]) [fnj > 2 forall 1 <i < t, then (Kn,, Kny,..-, Kn,) is 
Ramsey-full. That is, 


rx(Kn,, Kny, +++, Kn,) = r(Kny, Kny, +s Kn,) -i1. 


Proof Let p = r(Kn,, Kny,---, Kn,). This theorem will follow from providing 
a t-coloring of K, — e that avoids a copy of Ky, in color i, for all 1 <i < t. 
Begin with a critical graph for (Kn,, Kn), ..., Kn,), which is a t-colored K p_; that 
avoids a copy of Kn; in color i for all 1 < i < ¢. Select a vertex in this graph and 
label it a. Introduce a new vertex b, adding in edges connecting Db to all of the other 
vertices except for a (we let ab be the missing edge). Color edge bx the same color 
as edge ax so that the subgraph with a removed is isomorphic to the original critical 
graph. Since no monochromatic complete graph can include both vertices a and b, 
we have constructed a t-coloring of Kp — e that avoids a copy of Ky, in colori for 
all 1 <i <1, completing the proof of the theorem. Oo 


In the 2-color case, star-critical Ramsey numbers and deleted edge numbers can 
be viewed as variations of the size Ramsey number F(G,, G2) introduced by Erdés 
et al. in 1978 [27]. It is defined to be the minimum number of edges in a graph F 
such that every red/blue coloring of F results in a red copy of G, or a blue copy 
of G2. Other related variations include the lower and upper size Ramsey numbers 
introduced by Erdés and Faudree in 1992 [26]. The lower size Ramsey number 
£(G,, G2) is the minimum number of edges in any subgraph L of K,(G,,G,) such 
that every red/blue coloring of the edges of L contains a red G, or a blue Gp. 
The upper size Ramsey number u(G,, G2) is the minimum number such that if a 
subgraph L of K;(G,,G) has at least u(G,, Gz) edges, then every red/blue coloring 
of the edges of L contains a red G; or a blue G2. The inequality 


r(Gj,G2)—1 


£(G1, G2) < ( 3 


) + rx(G1, G2) < u(Gj, G2) 


can be easily confirmed. 


1.3. Ramsey-Goodness 


Recall that a tree is a connected graph that does not contain any cycles. It is well- 
known that every tree of order m has size m — | and every tree contains at least two 
leaves. It is a straight-forward exercise to prove that every tree can be constructed 
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edge-by-edge, with the resulting graph being a tree at each stage of the construction. 
This property is particularly useful in proving results about trees using induction. 
In 1972, Chvatal and Harary [22] proved the general lower bound 


r(G1, G2) = (c(G1) — D(xX(G2) —)D +1, (1.1) 


where c(G}) is the order of a largest connected component of G, (so that c(G1) = 
|V(G,)| whenever G, is connected). The construction that led to this result involved 
replacing all of the vertices in a blue Ky(G,)—1 with red copies of K¢(g,)—1. Chvatal 
[21] proved in 1977 that this bound is equal to the Ramsey number in the special 
case where G; = T is a tree and G2 = Ky, is acomplete graph of order n: 


r(T, Ky) =(V@)|- D@-D+1. 


In 1983, Burr and Erdés [11] introduced a concept that measured how close a 
graph is to being a tree. They called a graph G n-good if 


r(G, Kn) = (c(G) — )(w— 1) +1. 


Inequality (1.1) was slightly improved by Burr in 1981 [9], resulting in the following 
theorem. Recall that if ¥(Gz) is the chromatic number of G2, then s(G2) is the 
chromatic surplus, defined to be the minimum number of vertices in any color class 
among all proper vertex colorings of G2 that use x (G2) colors. 


Theorem 1.2 ((9]) For all graph G, and G2 satisfying c(G,) = s(G2), 
r(G1, G2) = (c(G1) — 1)(x(G2) — 1) + 5(G2). 


Proof Replace each vertex in a blue K,(G,)-1 with copies of red K.(G,)-1- 
subgraphs. Join to the resulting K(e(G—1)—1)(y(G2)—-1) a ted KsG,)-1 using blue 
edges. The red/blue coloring of K(e(G—1)—1)(x(G2)—1)-+5(G2)—1 that has been pro- 
duced does not contain any red copy of G; since the largest red component has 
order c(G,) — 1. Using all x(Gz) colors, every blue subgraph can be properly 
vertex colored by identifying colors with the complete red subgraph each vertex 
is contained within. The least order of a color class in such a coloring is s(G2) — 1, 
preventing G» from being a blue subgraph. It follows that 


r(G1, G2) > (c(G1) — 1I)(x(G2) — 1) +: s(G2) — 1, 


resulting in the statement of the theorem. oO 


Burr [9] further generalized the concept of an n-good graph by defining G, to be 
G-good whenever 


r(G1, G) = (c(G1) — I)(x(G) — I) + s(G). 


1.3. Ramsey-Goodness 9 


Burr’s idea easily extends to a multiset A! = {G j, Go,..., G;-1} of connected 
graphs satisfying r(G1, G2,..., Gr-1) => s(G;): 


r(Gi, G2, wins G;) = (r(G1, G2, sey G;-1) ~ 1)(x (Gr) a 1) + 5(Gr) 
(e.g., see Theorem 5 of [6]). The multiset H is G-good if 
r(Gi, G2, ce) Gi-1, G) = (r(Gi, G2, a) G;-1) an 1)(x(G) —_ 1) + s(G). 


The advantage of considering G-good multisets (or G-good graphs) is that there 
is a natural critical coloring upon which one can construct lower bounds for the 
corresponding star-critical Ramsey numbers. The next three theorems offer such 
lower bounds. The following theorem is Theorem 2.1 in [5]. 


Theorem 1.3 ([5]) Let Gj, G2,..., G;—1 be connected graphs, each having order 
at least two. If G; is a graph such that {G,, G2, ..., Gr—-1} is a Gy-good multiset 
satisfying r(G1, G2,..., Gr_1) = s(G;), then 


rx (Gy, G2, ida Gi-1, G;) = ry (G, G2, Sania g G;-1) +r(G1, G2, es G;-1, G;) 
= r(Gi, Go, ry G;-1). 


Proof This theorem is most easily proved from the perspective of deleted edge 
numbers. Let m = r(G 1, Go, ..., Gr_1). We will construct a t-coloring of 


K m-1)(9(G)-)+5(G1) — E(K1,de(G1,G2,....G:1)) 


that lacks a monochromatic copy of G; in color i, for all | <i < ¢. Start with a 
(t — 1)-coloring of Kin — E(K} de(G1,Go,...,G;_1)) that lacks a monochromatic copy 
of G; in color i, for all 1 < i < ¢t — 1. Call this graph A, and let v be the center 
vertex for the missing star. Let Az, A3,..., Ay(G,)—1 be copies of A; — {v} so that 
each one is a (t — 1)-coloring of K,,—1 that lacks a monochromatic copy of G; in 
color i, for all 1 < i < t — 1. Let Ayig,) be formed by taking another copy of 
A — {v} and removing m — s(G;) vertices. That is, Ay(g,) is a (¢ — 1)-coloring of 
KsG,)—1 that lacks a monochromatic copy of G; in colori, for alll <i <t—1. 
Consider the union 


Aj, 
1<j<x(G) 


and color all of the edges interconnecting the different A; in color t. The resulting 
K m—1)(x(G)-)+8(G1) — E(K1,de(G1,G2,...G:-1)) 


lacks a monochromatic copy of G; in colori, forall 1 <i <?t—1. 
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It remains to be shown that it also lacks a copy of G; in color tf. If s(G;) = 1, then 
any subgraph in color ¢ can be properly vertex colored by assigning colors based on 
the vertex sets A ;. Since only x (G;) — 1 colors are needed, no subgraph isomorphic 
to G; exists in color t. If s(G,;) > 1, then coloring the vertices according to the A; 
they are contained in produces a proper vertex coloring of any subgraph in color t 
using chi(G;) colors. Since some color class contains only s(G;) colors, no copy of 
G, exists in color t. It follows that 


de(Gj, G2, clear ay G;-1, G;) < de(Gi, G2, URS OE G;-1), 


from which the theorem follows. a 
If G; is aconnected graph such that |V(G1)| > s(G2) and Gy is G2-good, then 
rx(G1) = 6(G1), r(G1) = |V(G})|, and Theorem 1.3 simplifies to 
rx(G1, G2) = r(G1, G2) + 6(G1) — |V(G1)| 
= (V(G1)| — D(x (G2) — 1) +6(G1) — (V(Gi)| -D-1 
= (1V(G1)| — D(x(G2) — 2) + s(G2) + (G1) — 1. 
Consider a proper vertex coloring of Gz using x (G2) colors in which there exists 
a color class having s(Gz) vertices. Let Vj, V2,..., Vy(G,) be the distinct color 
classes of G2 such that |Vj| < |V2| < --- < |Vy(G)| and |Vj | = s(G2). For x € Vj, 


define degy, (x) to be the number of edges joining x to V;, for2 < i < x(G;). 
Define 


t(G2) := min{degy, (x) |x e Vi, 2 <i < x(G2)}, 


which is the minimum degree among all vertices in Vj to some V;, where 2 <i < 
X (G2). The following lower bound was proved by Zhang et al. [95] in 2016. 
Theorem 1.4 ((95]) Let G; be a connected graph of order at least two that is G2- 
good. If s(G2) = 1, 6(G1) = 1, or K(G1) = 2, then 

r4(G1, Go) = (1V(G1)| — I(x (G2) — 2) +. 5(G2) + 6(G1) + t(G2) — 2. 


Proof If x (G2) = 1, then the inequality holds trivially. So assume that x (G2) > 2. 
If |V(G1)| < s(G2), then 
(IV (G1) — D(x(G2) — I) + 5(G2) < (8(G2) — D(x(G2) — I) + 5(G2) 
= (Ga) x(G2) —4(Ga) +1 =< | V (Ga), 
However, r(G1, G2) > |V(G2)|, from which it follows that G1 is not G2-good. So, 


assume that |V(G1)| > s(G2)+1. Also, note that t(G2) > 1, otherwise there exists 
a vertex x € V; such that there is some i such that 2 < i < x (G2) and no edge joins 
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x with V;. Then x can be given the same color as the vertices in V;, from which it 
follows that either y (G2) < x (G2) — 1 (which is not possible) or s(G2) < |Vj|—1, 
contradicting the choice of Vj. It follows that t(G2) > 1. 

Since G1 is G2-good, 


r(G1, G2) = (V(Gi)| — I)(x(G2) — 1) + s(G2). 


Consider the red/blue coloring of K(jv(G,)|—1)(y(G2)—1)+s(G2)—1 formed by replac- 
ing x(G2) — | of the vertices in a blue Ky(g,) with red copies of Kjy(G,)|-1 and 
one vertex with a red copy of K5(G,)-1. Let X1, X2,..., Xx(G»)—1 denote the vertex 
sets of the red K)y(G,)|-1-subgraphs and let X,(G,) denote the vertex set of the red 
Ks (Gz)—1. Introduce a vertex v and join v to all of the vertices in X2 U X3 U---U 
Xy(G»)—-1 with blue edges. and to the vertices in X y(G,) with red edges. Join v to 
6(G1) — 1 vertices in X; with red edges and min{t(G2) — 1, |V(G,)| — 6(G1)} 
vertices in X; with blue edges. If t(G2) — 1 > |V(G1)| — 6(G)), then the 
coloring corresponds with a red/blue coloring of K;(G,,G»). Otherwise, t(G2)—1 < 
|V(G1)| — 6(G}), resulting in a red/blue coloring of K;(G,,G))-1 U K1,m, where 


m = (V(G1)| — 1I)(x (G2) — 2) + 5(G2) + 6(G1) + t(G2) — 3. 


To see that this coloring contains no red copy of Gj, first consider the case 
6(G,) = 1. Then every red component has at most |V(G1)| — 1 vertices. If 
6(G,) > 2, then the only red component containing at least |V(G1)| vertices is 
spanned by the red edges in X| U Xy(G,) U {v}. If s(G2) = 1, then X,(g,) = % and 
this red component has order |V(G )|. As it has a vertex of order 6(G,) — 1, it does 
not contains a red copy of G1. If s(G2) > 2, then it is assumed that «(G 1) = I. 
Since the red subgraphs induced by X; U {v} and X,(G,) U {v} do not contain red 
G,-subgraphs, if a red G, is contained in X; U Xy(G,) U {v}, then it must contain at 
least one vertex in X, and at least one vertex in X y(G,). It follows that «(G1) < 1, 
contradicting the assumption that «(G,) > 2. 

Denote the subgraph spanned by blue edges by Gz and suppose that Gg contains 
a blue copy of Go. If s(G2) = 1 and t(G2) = 1, then X,(G,) = @ and x(Gg) = 
x(G2) — 1. It follows that Gg does not contain a copy of G2. If s(G2) = 1 and 
T(G2) => 2, or if s(G2) > 2, then x(Gg) = x(G2) and any proper vertex coloring 
of Gg restricted to V(G2) is also a proper vertex coloring of G2. For 1 <i < 
x(G2), color the vertices in X; with color i and color v using color x (G2). Then 
x(Gg) = x(G2), s(GgB) = s(G2), and s(G2) vertices have color x(G2), and v 
is adjacent t at most t(G2) — | vertices in color class X;. When restricting this 
proper vertex coloring to V(G2), it follows that tT(G;) < t(G2) — 1, leading to a 
contradiction. Thus, Gg does not contain G2 as a subgraph. 

Finally, if t(G2) — 1 => |V(G1)| — 6(G1), then the coloring corresponds 
with a coloring of K,(G,,G,) that lacks a red G, and a blue Go, which is a 
contradiction. Thus, t(G2) — 1 < |V(G,)| — 6(G}), and the coloring corresponds 
with K+(G,,G2)-1 LU Kim, where 
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m = (|V(G1)| — 1I)(x (G2) — 2) + 5(G2) + 6(G1) + t(G2) — 3, 


and the theorem follows. oO 


Hao and Lin (see [42] and [43]) offered the following variation of the previous 
theorem. 


Theorem 1.5 ((42, 43]) Let G2 be a graph with x(G2) > 2 and let G, bea 
connected graph that is G2-good with order |V(G,)| => s(G2) + 1. Then 


r(G1, G2) = ((V(G1)| — 1) (x (G2) — 2) + min{|V(G1)|, 6(G1) + t(G2) — I}. 
If G, does not contain any cut vertices or if 5(G1) = 1, then 


r(G1, G2) = (V(G1)| — 1)(x (G2) — 2) + min{|V(G1)|, 6(G1) + t(G2) — 1} 
+s(G2) —1. 


Proof Let G; be G2-good, from which it follows that 
r(G1, G2) = (1V(G1)| — I(x(Ga2) — 1) + 5(G2). 


Consider the red/blue coloring of K(jyv(G,)|-1)(x(G2)—1)+5(G2)—1 formed by replac- 
ing x(G2) — | of the vertices in a blue Ky(g,) with red copies of K)y(G,)|-1 and 
one vertex with a red copy of Ks(g,)-1. Let X;, X2,..., Xy(Ga)—1 denote the vertex 
sets of the red K\y(G,)\-1-Ssubgraphs and let X ,(G,) denote the vertex set of the red 
Ks(Gy)-1- Select a subset D © Xy (G,)-1 of cardinality 6(G;) — 1 and a subset 
T © Xy(Gy)-1 — D of cardinality min{|V(G)|, 6(G1) + t(G2) — 1}. 

Introduce a new vertex v, joining it to D with red edges and to X; U X2 U---U 
Xx(Gx)-2 UT with blue edges. Denote the subgraph spanned by the red edges by 
Gp and the subgraph spanned by the blue edges by Gg. Then Gg does not contain 
a subgraph isomorphic to G2 since tT(Gg) < T(G2) — 1. Also, any subgraph of Gr 
of order |V(G,)| has minimum degree at most 6(G,) — 1, preventing a red G; from 
being a subgraph of Gr. From this construction, it follows that 


r(G1, G2) = ((1V(G1)| — D(x(Ga2) — 2) + (G1) — 1) 
+ min{t (G2) — 1,|V(Gi)| — 6(G1)} + 1 
> (\V(G1)| — 1)(x(G2) — 1) + min{|V(G1)|, 5(G1) + t(G2) — U, 


completing the proof of first statement of the theorem. 

Now assume that G, does not contain any cut vertices and define G’p to be red 
graph the obtained from Gp by adding in all edges joining v and D U Vy (g,). Note 
that G’, does not contain a copy of G; as a subgraph, otherwise, there exists a 
subgraph F such that G; C F C Gp. Since both X y(G,)—1 U {v} and Xy(Gy) U {v} 
contain no Gj, it follows that v ¢ V(F), DO V(F) # G, and Vy(G.) DV(F) # Y. 
This is a contradiction since v is a cut vertex for F. If 5(G,) = 1, then the assertion 
follows by forming G’, from Gp by adding in all edges joining v and Vy(g,).. 0 


Chapter 2 ®) 
Star-Critical Ramsey Numbers Involving = xiv 
Various Graphs 


2.1 Trees Versus Trees 


In this section, star-critical Ramsey numbers are considered where all of the 
arguments are trees. The earliest result in this area was due to Hook (see [47] and 
[48]) and concerns the case of a path versus a path. 


2.1.1 Paths Versus Paths 
In 1967, Gerencsér and Gyarfas [34] proved that ifn > m > 2, then 
m 
r(Pn. Pa) = a in, 


In [47] and [48], Hook determined the value of r(Pm, Py) after completely 
classifying the critical colorings of (Pm, Py). When n > m > 4, the critical 
colorings of (Pm, P,) are shown in Fig. 2.1. 

Suppose that Ax is any red/blue coloring of K;. Let G1 be the coloring formed 
by replacing one vertex in a red Kz with a blue K,_, and the other vertex with 
Aim j-1- The coloring G2 is given by replacing one of the vertices in a red K2 with 
a blue K,_; — e (the missing edge is colored red) and the other vertex with A [2 )-1 
The coloring G3 is formed by replacing one of the vertices in a blue K2 with a red 
K,y—, and the other vertex with a Aj |_;. The coloring G4 is given by replacing 
one of the vertices in a blue K2 with a red K,_1 — e (the missing edge is colored 
blue) and the other vertex with Aiz j-1- The coloring Gs is given by replacing one 
of the vertices in a blue K2 with a red K,,_; and the other vertex with An_ I- 


Theorem 2.1 ((47, 48]) Jfn > m > 4, then every critical coloring of (Pm, Pn) 
corresponds with a coloring described in Fig. 2.1. The colorings given by G, are 
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Fig. 2.1 Critical colorings for (Pm, Pn), whenn > m > 4 


critical colorings for (Pm, Pn) for alln > m. The colorings given by Gz and G4 
are critical colorings for (Pm, Pn) only when m is odd. The colorings given by G3 
and G4 are critical colorings for (Pm, Pn) when m = n. The colorings given by Gs 
are critical colorings for (Pm, Py) when n = m + 1 and m is odd. 


Theorem 2.2 ([47, 48]) Ifn = m > 2, thenry(Pin, Pn) = [F1. 


Proof When m = 2, Pz = K2 and r(Po, P,) =n for all n > 2. Since a critical 
coloring for (P2, P,) cannot have any red edges, it must be a blue K,_;. Introduce 
a vertex v and a single edge joining v to the blue K,_1. If the edge is red, a red P2 
is formed. Otherwise, the edge is blue and a blue P,, is formed with v being one of 
the leaves of the P,,. It follows that r,(P2, P,) = 1 for all n > 2. 

If m = 3, then r(P3, P,) = n for all n > 3. Consider a red K2 in which one 
of the vertices is replaced with a blue K,—1. The resulting K,—,; U K1,; avoids a 
red P3 and a blue P,,, from which it follows that r,(P3, P,) > 2, for alln > 3. To 
prove the reverse inequality, consider a red/blue coloring of K,—1 Ui Kj,2 and let v 
be the center vertex for the missing star. Removing v results in a red/blue coloring 
of K,—1. If this coloring avoids a red P3 and a blue P,, the the subgraph spanned by 
the red edges must be a matching or an empty graph. The subgraph spanned by the 
blue edges necessarily contains a P,—1 with any selected vertex as a leaf. If either 
of the two edges incident with v are blue, then a blue P,, is formed. Otherwise, they 
are both red and form a red P3. It follows that r,(P3, P,) > 2, for alln > 3. 

When n > m > 4, begin by replacing one vertex in a red K2 with a blue Ky,_1 
and the other vertex with a blue K (%\=1+ Add in a vertex v and join it to the blue 
Kia via blue edges. If m is odd, also join v to a single vertex in the blue K,_—1 
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O 
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Fig. 2.2, Red/blue colorings of K,,4)"j~2U Kj, ;~7_, that avoid a red P,, and a blue P,. The first 
image is the case m = n = 6 and the second image is the case m = n = 7 


using a red edge. The resulting K,,4 [zj-2U Ky ey , avoids a red P,, and a blue 
P,,, from which it follows that r,(Pi, Pn) = [el (Fig. 2.2). 

To prove the reverse inequality, consider a red/blue coloring of K+ y-2 U 
Kj, ;1 and let v be the center vertex for the missing star. Removing v results in 
a red/blue coloring of Ky4|™)-2 that we assume avoids ared P,, and a blue P,,. So, 
it must be one of the colorings described in Theorem 2.1. We divide the rest of the 
proof into cases, based on each of the classes of critical colorings. 


Case 1 Consider the critical colorings of (Pin, Pn) given by G; in Theorem 2.1. 
If m is even, then v must join to the blue K,_ 1 with at least one edge. If the edge 
is blue, then a blue P,, is formed. If the edge is red, then it can be joined onto a 
leaf in a red P,,_; that is formed by the edges joining the blue K,_; and An_i, 
resulting in a red P,,. If m is odd, then v joins to the blue K,_, via at least two 
edges. If any such edge is blue, then a blue P,, can be formed. Assume that both 
such edges are red. Then the red P3 they form can be joined to a leaf in a red 
Pm—2 formed by the edges joining the blue K,—; and the A mols resulting in a 


red P,,. In both cases, ea edges force the existence of a red P,, or a blue Py. 

Case 2 Consider the critical colorings of (Pm, Pn) given by G2 in Theorem 2.1. 
This case only occurs when m is odd, which means v joins to at least two edges 
in the blue K,_; — e. If any such edge is blue, then a blue P, is formed. So, 
assume that two such red edges exist. Then the red P3 they form can be joined to 
a leaf in a red P,,—2 formed by the edges joining the blue K,_; and the A m=1_s 
resulting in a red P,,. 

Case 3 Consider the critical colorings of (P,;,, P,) given by G3 in Theorem 2.1. 
This case only occurs when m = n, and is proved following the same logic as in 
Case 1, but with the colors red and blue interchanged. 

Case 4 Consider the critical colorings of (P;,, P,) given by G4 in Theorem 2.1. 
This case only occurs when m = n is odd. The proof follows the same logic as 
in Case 2, but with the colors red and blue interchanged. 
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Case 5 Consider the critical colorings of (Pin, Pn) given by Gs in Theorem 2.1. 
This case only occurs when n = m + | and m is odd. If there exists a red edge to 
the red Kj,—1, then ared P,, is formed. If there exists a blue edge joining v to the 
red K,,—1, then joining this edge onto a leaf in a red P,_; formed by the edges 
joining the red K,,—1 to the Ansi results in a blue P,. 


In all five cases, joining v to a critical coloring of (Pin, Py) using [>] edges results 
in a graph in which every red/blue coloring contains a red P,, or a blue P,,. It follows 
that r.(Pm, Pn) < [ek oO 


While the proof of Lemma 2.1 was excluded from this text, it should be noted 
that the dependence of the proof of Theorem 2.2 on Lemma 2.1 can be avoided for 
most cases by using the path-cycle Ramsey number proved by Faudree et al. in 1974 
[31]. For n > m > 2, they proved that 


n+ [(7|-1 if n is even 
Pm, Cn) = 2 Poe 
r(Pms Cn) eee L™ | —1, 2m — 1) if nis odd. 
When n > m > 4, where n is odd orn > 2m — Le] + 1, it follows that 


m 
r(Pm, Cn-1) =n + LSJ — 2, 


Consider a red/blue coloring of K, n+(%j—2 U K {12 and let v be the center vertex 
for the missing star. Removing v results in a red/blue coloring of Kn4|% j—2 that we 
assume avoids a red P,, and a blue P,,. Hence, it must contain a blue C,_1, which 
we denote by x)x2---x,—1x1. Denote the other vertices in the red/blue K+" J-2 
by yi, y2,---, Yim Let X = {x1,x2,...,X%n—-1} and Y = {y, yo,..., eaeee 
If any x;y; is blue, then yjxjxj41---Xn—1X1X2-+-xXj-1 is a blue Py. So, all edges 
joining X and Y must be red. 

Suppose that m is odd. Then [4] + 1 = [4] and it follows that v must be 
incident with at least two of the vertices in X. If either of those edges is blue, say 
ux;, then vxjxj41 +++ Xp—1X1xX2 +++ xXj—1 is a blue P,. So, assume both of the edges 
are red, say vx; and vx; (i # j). Then there exists a red P,,_2 formed by the edges 
joining X and Y that has x; as one of its endpoints and that does not include x ;. This 
path, along with the red edges x;v and vx;, form a red Pip. 

Suppose that m is even. Then [4] = 4 = [4] and v must be incident with 
at least one vertex in X. If some vx; is blue, then vxjxj41 +++ Xp—1X1X2 +++ Xj—1 iS 
a blue P,,. If vx; is red, then joining it to the end of a red path P,,_; that exists 
between the sets X and Y results in a red P,,. It follows that r.(P, Pn) < [Fl for 
n >m > 4, when n is odd orn > 2m — (FJ +1. 

For multicolor star-critical Ramsey numbers involving paths, the following is 
Theorem 3.6 of [5]. 


Theorem 2.3 ([5]) [ft > 1 is odd, then r}.(P3) = 1. 
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Proof It was shown in [51] that when t > 1 is odd, r‘(P3) = t + 2. Consider a 
t-coloring of K;+1 that lacks a monochromatic P3. Such a coloring has every vertex 
incident with exactly one edge in each of the ¢ colors. Add in a new vertex and 
connect it with a single edge to some vertex in the K;,). Regardless of what color 
is assigned to this edge, a monochromatic P3 is produced. oO 


2.1.2 Stars Versus Stars 


Now, we turn our attention to star-critical Ramsey numbers involving stars. In [45], 
it was proved that if m,n > 1, then 


m+n if m orn are odd 


Kim, Kin) = : 
PK ms Kin) eee and n are both even. 


This result was extended to more than two colors by Burr and Roberts [14] in 1973. 
To describe their result, let S = {m 1, m2, ..., m;}, with each m; > 2, and define 


t 
N= Yo mj. 
i=l 


Letting k denote the number of elements in S that are even, Burr and Roberts proved 
that 


N-—t+1ifk >2is even 


; (2.1) 
N —t-+2 otherwise. 


(Kim, Kim), tees K\,.m,) = 


In 1978, Erdés, Fauree, Rousseau, and Schelp (see Theorem 2 of [27]) observed 
that every 2-coloring of the edges of K1,m+n—1 contains a copy of Kj, in color 1 
or a copy of K1,, in color 2. Generalizing this observation to ¢ colors leads to the 
following theorem. 


Theorem 2.4 ([4, 5]) Let S = {m,, m2, ..., my} with each m; > 2 and let k be the 


number of elements in S that are even. If k = 0 or k is odd, then 
rx(K1m,> Kigmys+++> Kim,) = 1. 
Proof When k = 0 or k is odd, Eq. (2.1) implies that 
(Ki my, Kijmz,+++» Kim,) = N —t +2. 
Removing N —t edges incident with a fixed vertex in a t-colored Ky —;+2 still leaves 


one vertex having degree N —t+ 1. By the pigeonhole principle, this vertex must be 
incident with at least m; edges in color i, for some 1 < i < f. It follows that every 
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t-coloring of Ky—r+41 U K1,1 contains a monochromatic K1,m, in color i, for some 
1 <i <t, from which the theorem follows. oO 


Erdés and Faudree [26] first observed that when m,n > 2 are both even, 
(Kim, Ki,n) is Ramsey-full. This result was then generalized to ¢ colors in the 
following theorem from [5]. In order to prove this theorem, we need to define the 
Ramsey multiplicity R(G,, G2,..., Gr), first introduced in 1974 by Harary and 
Prins [46], to be the smallest possible total number of G; in color 1, G2 in color 
2, ..., G; in color t, among all t-colorings of K;(G,,Gp,...,G,)- In the case of stars, 
Jacobson [52] proved that 


k/2 if k > 2 is even 
R(K Kyi — ae 2.2 
(Kim Kim, Lm) N —t +2 otherwise. ee) 
Theorem 2.5 ([4, 5]) [fm ,mz2,..., my, are integers greater than 1, exactly two of 


which are even, then 
rx(K1 my, Kim, teey K\ m,) =N-t. 


Proof Assuming that k = 2, Eq.(2.2) implies that there exists a t-coloring of 
KiKi my BirecncRiss that contains a single monochromatic Ky, in some color 
i, and which does not contains a K, ,,+1 in color 7. It follows that a single edge in 
color i can be removed to produce a K,(g,,G5,...,G,) — é that lacks a monochromatic 
copy of Kj, in color i, for all 1 < i < t. This observation, along with Eq. (2.1), 
implies the statement of the theorem. Oo 


At the present time, the evaluation of r,(K1,m,, Ki,m.,---, Ki,m,) when k > 2 
is even is unknown. In [5], it was conjectured that the star-critical Ramsey number 
is equal to N — t for these remaining cases (see Open Problem | in Sect. 4.1). 


Conjecture 2.1 ([5]) If m1,mz2,..., my, are integers greater than 1, exactly k of 
which are even, then 


N —t ifk > 2is even 


ry (K ,K ere .« — : 
+ ( l,m, 1,m2 1,m,) 1 otherwise. 


2.1.3. Other Trees 


The following lemma is similar to Lemma 1.1, but focuses on trees that are not 
stars. It is a special case of a lemma proved by Guo and Volkmann (see Lemma 2.3 
of [38]). Its proof is left as an exercise for the reader. Note that among all trees of 
order m, the star K1_—1 is the only tree that has a vertex of order m — 1. All non-star 
trees of order m have maximum degree at most m — 2. 
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Lemma 2.1 ((38]) Jf Ti, is any non-star tree of order m > 4 and G is any 
connected graph of order |V(G)| = m satisfying 5(G) => m — 2, then G contains a 
subgraph isomorphic to Ty. 


In 1974, Burr [8] proved that if 7,, is any tree of order m for which (m—1)|(n—1), 
then 


r(In, Kin) =m+n-l1, 


In the following theorem, we show how the previous lemma can be used to prove 
an upper bound for rx (Tim, Ki,n) when T,, is a non-star tree in which m satisfies a 
certain divisibility property. 


Theorem 2.6 ((4]) Let T,, be a non-star tree of order m > 4. Then for alln > 2 
such that (m — 1)|(n — 1), 


rs(Tn, Kin) <m+n-—3. 


Proof Consider a red/blue coloring of Km+4n—1 — e and denote by a and b the two 
vertices of degree m + n — 3. Denote the subgraph spanned by the red edges by Gr 
and the subgraph spanned by the blue edges by Gg. If a blue K1,,, is avoided, then 
A(Gpg) <n — 1. It follows that 


6(Gr) >m+n—3-—-(n-1l)=m-2. 


In order to apply Lemma 2.1, we must argue that Gr contains a connected 
component having order at least m. Let G be a largest connected component of 
Gr. Then G must contain some vertex v other than a or b, otherwise G would be 
an empty graph. Such an x has degree 


degg(x) >m+n—2—-—(n—-1)=m-1, 


forcing G to have order at least m. Since all of the hypotheses of Lemma 2.1 are 
satisfied, it follows that G (and hence, GR) contains a subgraph that is isomorphic 
to Ty. oO 


Parsons [75] proved that for all m,n € N satisfying m > 2n — 1, 
r(Pin, Kin) =m. 


In 2021, Wang et al. [88] considered the corresponding star-critical Ramsey number. 
Their proof requires the following well-known lemma concerning vertex degrees 
and the Hamiltonicity of graphs. 


Lemma 2.2 ([20, 25]) Let G be a graph of order n > 3 that satisfies at least one 
of the following statements. 
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1. The minimum degree of G satisfies 6(G) = 51. 
2. Foralli < oe either dj > i+ 1 ordy,—; => n—i, where dj < dy <--- < dy, is 
the degree sequence for G. 


Then G is Hamiltonian. 
Theorem 2.7 ((88]) For all m,n € N that satisfym > 2n + 1, rs(Pm, Kin) =n. 


Proof For the lower bound, begin with a red K,,—1, add in a vertex v, and join v to 
n — | vertices in the K,,—1 using blue edges. Other edges between v and the Kj,— 
are missing. The resulting red/blue coloring of Kj,—1 U K1,,—1 avoids ared P,, and 
a blue K1,,,. It follows that r.(Pm., Kin) =n. 

To prove the reverse inequality, consider a red/blue coloring of K,,—1 U K1,, and 
let v be the center vertex of the missing star. Removing v produces a red/blue Kj,_1. 
If a blue K,,, is avoided, then each vertex has red degree at least m — 2 — (n— 1) = 
m—-n—-1> eae By Lemma 2.2, there must exist a red C,,_1. Denote the vertices 
in this cycle by x1x2---Xm—1%1. If all n of the edges incident with v are blue, then 
a blue K,,, is formed. Otherwise, some edge incident with v must be red, say vx1, 
and vx1x2---Xm—1 forms ared P»,. Thus, rx(Pm, Kin) <7. oO 


In the next theorem, we consider trees of order m > 4 that have maximum degree 
equal to m — 2. Such a tree is necessarily a broom in that it can be formed by adding 
an edge between a vertex in a P> and the center vertex in K1,—3. We denote by 
T,, the unique tree of order m > 4 satisfying A(7,*) = m — 2. In [38], Guo and 
Volkmann proved that if m,n > 5 are integers such that either (m — 1)|(n — 3) or 
(n — 1)|(m — 3), then 


Flas Ty) =m+n-—3. 
The following theorem offers an upper bound for the corresponding star-critical 
Ramsey number and was proved in Corollary 3.7 of [4]. It is unlikely that this upper 
bound is the actual value and the reader is encouraged to consider ways in which 
this upper bound may be improved (see Open Problem 2 in Sect. 4.1). 


Theorem 2.8 ([4]) Let 7,* and T,* be trees of orders m > 5 and n > 5 satisfying 
A(T) =m—2 and A(T*)=n—2. 


Tf (m — 1)|(n — 3) or (n — 1)|(m — 3), then r, (7,7, T,*) <m+n-—S. 

Proof By symmetry, it is sufficient to prove the theorem for only one of the given 
divisibility properties. Without loss of generality, assume that (m — 1)t = (n — 3) 
for some natural number t. Consider a red/blue coloring of 


Km-+n 4U Ki m+n 5 = Kinin 3—e 


that lacks a blue 7,*. Denote by Gr and Gg the subgraphs spanned by the red edges 
and the blue edges, respectively. If A(Gg) <n — 3, then 
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6(Gr) >m+n—5—(n—-3)=m-—-2, 


and by Lemma 2.1, Gr contains a subgraph isomorphic to T,*. So, assume that 
A(Gg) = n — 2 and let x be a vertex with blue degree degg, (x) = n — 2. Picka 
vertex set X C NG, (x) with cardinality |X| = n — 2. Also, define the vertex set 


Y := V(Kin+n-3 — €) — (X U {x}), 


which has cardinality |Y| = m — 2. 

Since a blue 7* was assumed to be avoided in the red/blue coloring of Kin+n—3— 
e and x joins to X via only blue edges, it follows that all edges joining X and Y must 
be red. We claim that the subgraph spanned by these red edges must contain a red 
T,,, despite the possibility that one of the edges may be the missing edge. Suppose 
that the vertices a and b are the endpoints of the missing edge, where a € X and 
b € Y. Since n > 5, X contains some vertex y 4 a which joins to all vertices in 
Y via red edges. So, the vertex y has red degree at least m — 2 Since m > 5, there 
exists a vertex z # b. Noting that az is red, a red T,* is formed with vertex y serving 
as the vertex of degree m — 2, vertex z serving as the vertex of degree 2. It follows 
that r,.(Ty, 7,5) <m+n-—S. oO 


2.2 Trees Versus Non-Trees 


One of the first evaluations of a star-critical Ramsey number was the case of a 
tree versus a complete graph. Hook and Isaak (see [47] and [50]) evaluated these 
numbers after proving that up to isomorphism, the critical colorings for trees versus 
complete graphs are unique. 


2.2.1 Trees Versus Complete Graphs 


Letting 7,, be a tree of order m, Chvatal proved in 1977 [21] that T,, is n-good: 
rm, Kn) = (m— 1I)@—-1) +1. 
Theorems 1.3, 1.4, and 1.5 all imply that 
r,(In, Kn) = (m — In -— 2) +1. 
Hook and Isaak [50] proved that this bound is exact. Their proof depended upon 
the observation that a critical coloring for (Tj, K,) has a unique structure. This 


structure corresponds with the construction that Chvatal and Harary [22] used to 
obtain the lower bound given in Inequality (1.1). 
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Theorem 2.9 ([47, 50]) Ifm,n > 2 and 
c: E(Kqn—1)(n—1)) — {red, blue} 


is a critical coloring for (Tm, Kn), then c corresponds with replacing all of the 
vertices in a blue Ky, with copies of a red Ky—1. 


Proof Proceed by induction on n > 2. When n = 2, we have that r(Tij,, K2) = m 
and the critical graph has order m — 1. Since it does not contain any blue edges, it 
must be a red K,,—1, which certainly does not contain a red 7;,,. Assume that the 
only critical coloring of (Tj, Ky’) corresponds with replacing all of the vertices in 
a blue K,_, with copies of a red K»—, whenever n’ < n and let c be a critical 
coloring for (Tin, Kn), where n > 2. Consider two cases. 


Case I Suppose that the blue degree of every vertex is at most (m — 1)(n—2) —1. 
Then the red degree of each vertex is at least 


(=e =) = (Dae D=—DeRek 


By Lemma 1.1, it follows that there exists a red 7;,. So, no critical coloring of 
(Tin, Kn) exists in which every vertex has blue degree at most (m—1)(n—2)—1. 
Case 2 Suppose that there exists a vertex v with blue degree at least (m—1)(n—2). 
Let H be the subgraph induced by the blue neighbors of v. By the inductive 
hypothesis, H contains a red 7,,, a blue K,_1, or is a critical coloring for 
(Tin, Kn—1). Since c is assumed to be a critical coloring for (Tin, Kn), H does not 
contain a red 7;,. If H contains a blue K,_1, then including v produces a blue 
Ky, again contradicting the assumption that c is a critical coloring for (Tin, Kn). 
So, H must be a critical coloring for (Ti, Kn—1), and hence, can be formed by 
replacing the vertices in a blue K,—2 with copies of ared K,,—1. If any edge vh, 
where h € V(A), is red, then a red 7, is produced. So, all such edges must be 
blue. Similarly, every edge connecting K(m—1)(n—1) — H to H must also be blue. 
If any two vertices u, w € V(Kim—1)n—1) — A) are joined by a blue edge, then 
a blue K,, can be formed. It follows that all edges in Kqm—1)(~n—1) — H must be 
red, and the critical coloring of (Ti, Ky) is the one described in the statement of 

Theorem 2.9. 
oO 


The previous theorem can be extended to the case of a tree versus multiple 
complete graphs. Let m,n; > 2 for all 1 <i < t. If T, is any tree of order m, 
then 


r(In, Kn,, Kn, tees Kn,) = (m— I(Kn,, Kn, tees Kn,) —1)+1, 


which follows from Theorem 2.1 of Omidi and Raeisi’s paper [73]. 
Corollary 2.1 [fm,n; > 2 forall1 <i <tand 
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C: E(K (m1 (r(Kny KnyyKn,)—D) — {1,2,-..5¢4+ 


Ng reer 


is a critical coloring for (Tm, Kn,, Kn),..-, Kn,), then c can be formed by 
replacing all of the vertices in a critical coloring of (Kn,, Knz,..., Kn,) in colors 
2,3,...,¢+ 1 with copies of Km —, in color 1. 


Proof Let p=r(Kn,, Kny,.--, Kn,) and suppose that 
C2 E(Kom—-1r(Kny KngsKnz)—D) —> 1, 2,...,6+ 9 


is a critical coloring for (Ti, Kn,, Kn ),.--,Kn,). Group together colors 
2,3,...,¢+ 1 and note that 


r(Tn, Kp) =r(Tn, Kn, Kn), tees Kn,). 
It follows from Theorem 2.9 that c corresponds with replacing the vertices in a K p—1 


in colors 2, 3,...,¢-+ 1 with copies of Kj,— in color 1. oO 


The following theorem appeared in [5], generalizing the 2-color result of Hook 
and Isaak [50]. 


Theorem 2.10 (([5]) Jfm,nj > 2 forall1 <i <t and Ty is a tree of order m, then 
rx (Tin Kn; Kn, tees Kn,) = (m— lI(r(Kny, Kn, tees Kn,) —2)+1. 


Proof Let p = r(Kn,, Knj,---, Kn,) and note that T,, is p-good. From Theo- 
rem 1.3, we find that 
rx(Tn, Kn; Kn); tees Kn,) =r(In, Kn, Kny, sees Kn,) —r(Tn) + 1rxZn) 
2im=I)(p=1)+1= n= 1) 
> (m—1)(p—2) +1. 


This inequality also follows from replacing a every vertex in a critical coloring for 
(Kn,, Kn), -.-, Kn,) with copies of Kj,—1 in color 1. Introduce a vertex v and select 
a vertex a in one of the K,,—1-subgraphs. Let the edges joining v to the Ky,— 
that contains a be the missing edges. For all other vertices x not contained in the 
Ky -1 that includes a, color edge vx the same color as edge ax. The resulting 
Km—1)(p-1) U K(m—1)(p—2) avoids a Ty in color 1 and a Ky, in color i + 1, for 
all 1 <i <t. For example, see Fig. 2.3. 

To prove the reverse inequality, consider a red/blue coloring of K(m—1)(p—1) U 
K1,(m—1)(p—2)+1 and let v be the center vertex for the missing star. Removing vertex 
v results in a red/blue coloring of K m—1)(p-1). If this coloring avoids a Tj, in color 
1 anda Ky, incolori + 1, for all 1 <i < tf, then by Corollary 2.1, it can be formed 
by replacing all of the vertices in a critical coloring of (Kn,, Kn, ..., Kn,) in colors 
2,3,...,¢+ 1 with copies of K,,—1 in color 1. 
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Fig. 2.3. A 3-coloring of 
K5(m—1) U K1,4@n—1) that 
avoids a red 7,,, a blue K3, 
and a green K3 


Reintroducing vertex v, if any edge from v to the K(m—1)(p—1) is given color 1, 
then it joins with a K,,—; in color | and forms a 7,, in color 1, with v being a leaf 
in T,. So, all (m — 1)(p — 2) + 1 edges joining v to the K(m—1)(p—1) are assigned 
colors 2, 3,..., +1. By the pigeonhole principle, v must join to at least one vertex 
in each of the p — 1 copies of Ky—1. Let x1, x2,...,xXp—1 be vertices in distinct 
copies of K,,—1 such that vx; is an edge for every j such that 1 < j < p— 1. Since 
the subgraph induced by {v, x1, x2,...,Xp—1} is a Kp spanned by edges in colors 
2,3,...,f£+-1, there must exist a K,,; in colori + 1, for some 7, where | <i < tf. 
It follows that 


rs(Tn, Kn,, Kny,---, Kn,) <(m—1)(p—-2)+1, 


completing the proof of the theorem. oO 


When t = 1, Theorem 2.10 states that 
r(Tn, Kn) = (m— I(n—-1) +1, 


corresponding with Theorem 2.5 of [50]. 

Recall that the disjoint union of trees is called a forest. If F is a forest, then 
let m(F) denote the number of vertices in its largest component. For each i € 
{1,2,...,m(CF)}, let k;(F) be the number of components in F that have order 7. 
The variety of F is defined by 


C(F) := {i | ki(F) 4 0} 
and its cardinality is denoted by g(F) := |C(F)|. In 1975, Stahl [83] proved that 


m(F) 
(Gj —D(n—1) + D> iki(F) 


r(F, Ky) = max 
je i=} 


C(F) 
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Recently, Kamranian and Raeisi [55] extended Stahl’s result to the multicolor 
setting and determined the corresponding star-critical Ramsey number. They 
proved first that if F is a forest, nj,n2,...,m; are positive integers, and 
P=Tr(Kn,, Kn,---, Kn,), then 


m(F) 
MF, Knyy Kngs ++ Kn) = max. 4 i — Dp —2) + Yo iki(F) 
| = 


Theorem 2.11 ((55]) Let F be a forest without isolated vertices, n1,n2,..., Nz be 
positive integers, and p =r(Kn,, Kn, -.-, Kn,)- If jo is the smallest value of j for 
which the maximum value 


m(F) 


max, G— Dp -2) + 2 iki(F) 


is attained, then 


m(F) 
re(F, Kny, Kny.---+Kn,) = Gio — D(p —3) + >> iki(F). 


i=jo 


2.2.2 Paths Versus Non-Trees 


In the case of paths versus graphs other than trees, the following theorem was 
originally proved by Hook [47]. It is equivalent to Theorem 3.5 of [5] (and corrects 
a typo in the statement of that theorem). 


Theorem 2.12 ((47]) For alln > 4, r,(P3, Ky — e) = 2n—5. 


Proof It is well known that r(P3, K, — e) = 2n — 3 (see Section 3.1 of [76]). It 
follows that P3 is (K, — e)-good and Theorem 1.3 implies that r,.(P3, Kn — e) = 
2n — 5. Figure 2.4 also shows a 2-coloring of K2,—4 Ui K1,2,—6 that lacks a red P3 
and a blue K, — e. 

In order to prove the inequality r,.(P3, Ky, — e) < 2n — 5, it must be shown that 
every red/blue coloring of K2,—3 — e contains ared P3 or a blue K, — e. Consider a 
red-blue coloring of K2,—-3 — e and denote by a and b the endpoints of the missing 
edge. Remove vertex a and assume that the resulting red/blue coloring of K2,—4 
lacks a red copy of P3 and a blue copy of K, — e (otherwise, we are done). Thus, 
the red edges in this coloring must form a matching M. Let m be the cardinality of 
M and note that m < n — 2 since each edge in a matching has two unique vertices. 
A blue copy of K, — e can only be formed by taking at most one vertex from m — 1 
of the edges in M, two vertices from the remaining edge in M, and all vertices that 
are not incident with a red edge. In order to avoid this, we require 
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Fig. 2.4 A red/blue coloring 
of K2,—4 U Ky .2n—6 that lacks 
ared P3 anda blue Ky, — e 


l+m+(Qn-—4-2m) <n = m>n-3. 


So, a red/blue coloring of K2,—4 that lacks a red copy of P3 and a blue copy 
of Ky, — e must contains a red matching of size n — 2. Reintroduce vertex a and 
note that if a is incident with any red edges, then a red P3 is formed. If all 2n — 5 
edges incident with a are blue, then a must be adjacent with at least one vertex in 
each matching, which we label by x1, x2,..., X,—2. This only accounts for n — 2 
edges, so there must exist a vertex y such that ay is blue and x;y is red, for some 
1 < k <n-—2. Then the subgraph induced by {a, y, x1, x2, ..., Xn—2} forms a blue 
Ky -e. oO 


The following is Theorem 3.3 of [5]. Note that the graph K4 — e is the same as 
the book Bo. 


Theorem 2.13 ((5]) r.(Pa, K4 — e) = 4. 


Proof Since r(P4, Ka — e) = 7 [22], it follows that Py is (K4 — e)-good. Thus, 
Theorem 1.3 implies that r,(P4, K4 — e) > 4. Figure 2.5 also shows a red/blue 
coloring of Ke U K,,3 that lacks ared P4 and a blue K4 — e, from which this lower 
bound follows. 

In order to prove that r,.(P4, K4 — e) < 4, it must be shown that every red/blue 
coloring of Ke Li Kj,4 contains a red Py or a blue K4 — e. Consider a red/blue 
coloring of Ke Li K1,4 and let a be the center vertex of the missing star. Denote the 
other vertices in the missing star by b and g. Removing vertices a and g results in 
a red/blue coloring of Ks. Since r(P3, K4 — e) = 5 (see Section 3.1 of [76]), there 
exists is ared P3 or a blue K4 — e. In the latter case, we are done, so assume there 
is ared P3. It is necessary to consider three cases, based on the location of the red 
P3 relative to the missing star in the original Ke LU K,.4. 


Case I Suppose that one of the endpoints of the red P3 is a leaf in the missing star 
(see the first image in Fig. 2.6). In this case, avoiding a red P4 forces edges be, 
bf, bg, de, df, and dg to be blue. Avoiding a blue K4 — e then forces bd, ef, 
eg, and fg to be red (see the second image in Fig. 2.6). If any one of ac, ad, af, 
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Fig. 2.5 A red/blue coloring 
of Ke U K,,3 that lacks a red 
P, and a blue K3 (and hence, 
ared K; 3 +e anda blue 
K4-e) 


Fig. 2.6 Case 1 in the proof of Theorem 2.13: one of the endpoints in the red P3 is a leaf in the 
missing star 


or cf are red, then ared P4 is formed. Otherwise, all four edges are blue and the 
subgraph induced by {a, c, d, f} contains a blue K4 — e. 

Case 2 Suppose that the vertex of degree 2 in the red P3 is a leaf in the missing 
star (see the first image in Fig. 2.7). In this case, avoiding a red P4 forces edges 
ce, cf, de, anddf to be blue. Avoiding a blue K4 — e forces cd to be red (see the 
second image in Fig. 2.7). At this point, we have reduced this case back to Case 
1 (there exists a red P3 in which one of its endpoints is a leaf in the missing star). 

Case 3 Suppose that the red P3 does not share any vertices with the missing star. 
(see the first image in Fig. 2.8). Avoiding a red P4 forces edges ac, ae, bc, be, 
cf, cg, ef, and eg to be blue. Avoiding a blue K4—e forces edges af, ce, and fg 
to be red (see the second image in Fig. 2.8). If bg is red, then a red P4 is formed. 
Otherwise, the subgraph induced by {b, c, e, g} contains a blue K4 — e. 


In all three cases, it has been shown that every red/blue coloring of K6 U Ky,4 
contains ared P4 or a blue K4 — e. It follows that r,(P4, K4 — e) < 4. oO 


Since P; = Kj, a general result by Jacobson [53] concerning stars and a 


complete graph implies that 


r(P3, P3,..., P3, Kn) = (r'(P3) — Dn— 1) + 1, 
oe! 


t terms 
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Fig. 2.7 Case 2 in the proof of Theorem 2.13: the vertex of degree 2 in the red P3 is a leaf in the 
missing star 


os 


Of 


d e 


Fig. 2.8 Case 3 in the proof of Theorem 2.13: the red P3 does not share any vertices with the 
missing star 


for all n,t > 1. Thus, the multiset consisting of t copies of P3 is n-good. When 
t > 1 is odd, we have r‘(P3) = ¢ + 2 [51] and ri.(P3) = 1 (this was proved in 
Theorem 2.3). Theorem 1.3 then implies that 


ty Pas Pay veey Pag Ky (Pa) = Ge = 2) 1, 
—_+_-—_—_——— 


t terms 


In the t = 2 case, r(P3, P3) = 3 [34] and r,(P3, P3) = 1 (this was proved in 
Theorem 2.2). Theorem 1.3 then implies that 


rx (P3, P3, Kn) = 2n — 2. 


As the corresponding Ramsey number is only one more than this value, it follows 
that (P3, P3, K,) is Ramsey-full: 


rx (P3, P3, Kn) =r(P3, P3, Kn) — 1 = 2n —2. 


A theorem due to Omidi and Raeisi (see Theorem 2.1 of [73]) then implies that for 
all n; > 2 (where 1 <i < 1), 
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r(P3, P3, Kn; Kn; tees Kn,) = (r(P3, P3) — 1)(r(Kn,, Kn, tees Kn,) —1)+1 
= 2r(Kn,, Kn,.--, Kn,) — 1. 


The following theorem from [5] implies that (P3, P3, Kn,, Kn),...,Kn,) is 
Ramsey-full. 


Theorem 2.14 (({5]) Forall 1 <i <tandn; > 2, 
ry(P3, P3, Kn, Kn), tees Kn,) = 2r(Kn,, Kny, tees Kn,) —2. 
Proof The theorem follows from providing a (¢ + 2)-coloring of 


Kar(Ky, Knys--Kn,)—1 Se 


that avoids a monochromatic copy of P3 in colors | and 2 and a copy of Ky, in color 
i+ 2, for alll <i < ¢t. Let p = r(Kn,, Kn),..-., Kn,) and consider t-coloring 
of Kp-1 in colors 3,4,...,¢ + 2 that avoids a copy of Ky, in color i + 2, for all 
1 <i < t. Replace each of the vertices in this K,_; with a copy of K2 in color 1. 
Label the vertices in one of the K2 subgraphs a and Db. Introduce a vertex v and color 
edge vb with color 2. For all vertices x 4 a, b, color edge ux the same color as edge 
ax. The edge joining v to a is the missing edge. The resulting K2,_1 — e certainly 
avoids monochromatic copies of P3 in colors | and 2. No monochromatic complete 
graph can include both v and x and no monochromatic copy of Ky, in color i + 2 
exists that include v since no such graph existed that included a. It follows that 


ry (P3, P3, Kn,, Kny,---, Kn,) = 2p — 2, 


from which the theorem follows. oO 


Using the currently known classical Ramsey numbers given in Sections 2.1 
and 6.1 of Radziszowski’s dynamic survey [76], the following star-critical Ramsey 
numbers follow from Theorem 2.14. 


(Ky) =n => rx (P3, P3, Ky) = 2n — 2 
r(K3, K3)=6 = > rx(P3, P3, K3, K3) = 10 
r(K3, K4)=9 = > rx (P3, P3, K3, K4) = 16 

r(K3,K5)=14 = >  r,(P3, P3, K3, K5) = 26 
r(K3, Ko) = 18 = >  rx(P3, P3, K3, Ko) = 34 
r(K3,K7)=23 = > rx(P3, P3, K3, K7) = 44 
r(K3, Kg) = 28 = > r,(P3, P3, K3, Kg) = 54 
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r(K3, Ko) =36 = > r,(P3, P3, K3, Ko) = 70 
r(K4, K4)=18 = > rx(P3, P3, Ka, Ka) = 34 
r(K4, Ks) =25 =>  r,(P3, P3, Ka, Ks) = 48 
r(K3, K3, K3)=17 =>  r,(P3, P3, K3, K3, K3) = 32 
r(K3, K3, K4) =30 = >  r,(P3, P3, K3, K3, K4) = 58 


2.3 Cycles 

This section focuses on star-critical Ramsey numbers involving cycles. We begin 
first with the case of cycles versus cycles. 

2.3.1 Cycles Versus Cycles 


The complete evaluation of the cycle-cycle Ramsey number can be found in Faudree 
and Schelp’s paper [32], building off of the prior work of Bondy and Erdés [1] and 
Chartrand and Schuster [16]. For all n > m > 3, 


6 if (m,n) = (3,3) orif (m,n) = (4,4) 
RO Cj= 2n—1 if m is odd and (m,n) 4 (3, 3) 
ee if m,n are both even and (m, n) # (4, 4) 


max{n + 5 — 1, 2m — 1} if m is even and n is odd. 


In particular, when m = 3, Faudree and Schelp [32] proved that for all n > 3, 
r(K3, C,) = 2n — 1. Hook’s dissertation [47] included the evaluation of r,.(C3, Cy) 
and a classification of the critical colorings for (C3, C,,). To describe these colorings, 
first form G , by replacing the vertices in a red K> with blue copies of Ky_}. 
The coloring Gz is formed in a similar manner to G1, except that a single edge 
joining the two K,_1-subgraphs is colored blue. The resulting colorings of K2,—2 
are given in Fig. 2.9. Both colorings are in Crit(C3, C,,) since the red subgraphs are 
bipartite and any blue cycle must be entirely contained within one of the blue K,,_1- 
subgraphs (so a blue C,, is not possible). Hook [47] proved that G; and G2 are the 
only critical colorings of (C3, Cy). 


Theorem 2.15 ([47]) For all n > 4, Crit(C3, Cn) = {Gi, G2}, where G1 and G2 


are the critical colorings given in Fig. 2.9. 


Proof For n > 4, consider a red/blue coloring of K2,—2 that avoids a red C3 
and a blue C,,. Since r(C3, Cyp_-1) = 2(n — 1) — 1 = 2n —3 whenn > 5 
and r(C3, C3) = 6 (corresponding to the case n = 4), it follows that there 
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G 


Fig. 2.9 Critical colorings for (C3, C,,), when n > 4 


exists a blue C,—1, which is assumed to be given by x)x2---Xn,—1x1. Denote the 
other vertices by yj, y2,..., Yn—1. If the subgraph induced by {y}, y2,..., yn—1} 
contains a red edge, say y, y2 is red. Suppose that y; joins to {x1, x2,...,Xn—1} 
via at least two blue edges, say yjx; and yjx;. If yjxj+1 is also blue (where 
Xn = X1), then x1x2 +--+ Xj yVxXj41Xj42-°°+Xn—1xX1 is a blue C,. So, if a blue C, is 
avoided, then both y;x;4) and y,x;+4, must be red andi and j differ by more than 
1. Without loss of generality, assume that i + 1 < j. If xj4)xj+, is blue, then 
Xi VIN XFL NELLX JH 1X j42-++Xn—1X1X2 +++ xj is a blue C,. Otherwise, xj+1xj+1 
is red and {y1, xj4+1, xj41} forms a red C3. Therefore, each of y; and yp is joined 
with at most one blue edge to {x1, x2,..., Xn—1}. Since all of the remaining edges 
joining {y1, yo} to {x1, x2,...,Xn,—1} are red, by the pigeonhole principle, there 
exists some 7 such that | < i < n — 1 and y,x; and y2x; are both red. Then 
{y1, y2, x;} forms a red C3. 


Based on the previous argument, no red edge exists in {y1, y2,..., Yn—1}. Simi- 
larly, yi y2 +--+ Yn—1y1 is a blue C,_1, so if any red edge exists in {x1, x2,..., Xn—1}, 
then a red C3 is formed. It follows that the subgraphs induced by {x1, x2,..., Xn—1} 


and {y1, y2,.--, Yn—1} are blue K,_-subgraphs. Call these two complete subgraphs 
X an Y, respectively. If any two edges joining X and Y are blue, then a blue C,, can 
be formed. It follows that at most one blue edge joins X to Y, resulting in the critical 
colorings described in Fig. 2.9. Oo 


Theorem 2.16 ([47]) For all n > 3, rx(C3, Cn) =n +1. 


Proof For the lower bound, begin with red K2 and replace each of its vertices with 
a blue Ky_; (G, in Fig. 2.9). The resulting red/blue coloring of K2,—2 lacks a red 
C3 since the red subgraph is bipartite and it lacks a blue C,, since the largest blue 
component has order n — |. Add in a vertex v, joining it with all of the vertices in 
one of the K,_1-subgraphs with red edges and to a single vertex in the other K,—1- 
subgraph with a blue edge. A red C3 is still avoided since v is not contained in any 
red C3. Since v is only incident with a single blue edge, a blue C,, is still avoided. It 
follows that r,(C3, Cyn) >n+ 1. 

To prove the reverse inequality, consider a red/blue coloring of K2,-2 U K1.n+41 
and let v be the center vertex for the missing star. Deleting v results in a red/blue 
coloring of K2,—2. If a red C3 and blue C,, are avoided then this coloring must be 
one of the two colorings described in Theorem 2.15. 

For either of these colorings, denote the two blue K,—; subgraphs by X and Y. 
If v joins to at least two vertices in X via blue edges, then a blue C,, is formed. The 


32 2 Star-Critical Ramsey Numbers Involving Various Graphs 


same is true if v joins to at least two vertices in Y via blue edges. So, assume that v 
joins with at most one blue edge to each of X and Y. If v joins to at least one vertex 
in X and at least one vertex in Y via red edges, then a red C3 is formed. Since v 
is incident with at least n + 1 edges, it must join to at least two vertices in each of 
X and Y and at least three vertices in one of X and Y. Thus, v must join to one of 
X and Y via at least one red edge and to the other set via at least two red edges. 
Without loss of generality, assume that x € X, y,z € Y, and vx, vy, and vz are 
all red. Even if one of xy and xz is blue, the other edge is red, forming a red C3. It 
follows that r,.(C3, Cn) <n +1. oO 


In the case where m = 4 (see [56]), the cycle-cycle Ramsey number simplifies to 


7 ifn = 3,5 
r(C4, Cn) = 4 6 ifn =4 
n+lifn>6. 


Theorem 2.16 implies that r,.(Ca, C3) = 5. In 2015, Wu et al. [90] extended this 
result to all cases of C4 versus C,, when n > 4. The case of n = 4 is given in 
Theorem 2.17 below. It implies that (C4, C4) is Ramsey-full. 


Theorem 2.17 ((90]) r.(C4, C4) =5. 


Proof Chartrand and Schuster [16] proved that r(C4,C4) = 6. To prove this 
theorem, a red/blue coloring of Ke — e that avoids a monochromatic C4 must be 
constructed. Begin with a red/blue Ks in which the subgraphs spanned by each 
color are isomorphic to C5. Let x1x2x3x4x5x1 be the red cycle and x1x3x5x2x4x 
be the blue cycle. Introduce vertex v, joining it to vertices x3 and x4 with red edges 
and vertices x2 and x5 with blue edges. The edge joining x; to v is the missing 
edge (see Fig. 2.10). The resulting Kg — e lacks a monochromatic C4, from which 
it follows that r.(C4, C4) > 5. Since r.(C4, C4) < r(C4, C4) — 1, it follows that 
rx (C4, C4) = 5. 

| 


In the cases n = 5, 6, Chartrand and Schuster [16] proved that 


Fig. 2.10 A red/blue 
coloring of K6 — e that lacks 
a monochromatic C4 
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Fig. 2.11 A red/blue 
coloring of Ke U Ky,4 that 
lacks a red C4 and a blue C5 


Fig. 2.12 A red/blue 
coloring of K6 UL! K1,4 that 
lacks a red C4 and a blue C¢ 


r(C4, Cs) = r(Cy, Co) = 7. 


When n = 5, begin by replacing the vertices in a blue K2 with copies of red K3- 
subgraphs. Introduce vertex v, joining it to one of the K3-subgraphs using two blue 
edges and one red edge. Also, join v to the other K3-subgraph using a single red 
edge (the two other edges are the missing edges). The resulting K¢ Li Kj,4 is shown 
in Fig. 2.11. It avoids a red C4 and all of its blue cycles have even length, so a blue 
Cs is also avoided. It follows that r,.(C4, Cs) > 5. 

When 1 = 6, consider a blue K5, with vertex set {y1, y2, v3, v4, ys}, and 
introduce a vertex x, joining it to y; with a blue edge and to yo, y3, y4, and ys 
with red edges. Next, introduce vertex v, joining it to y; and y2 with red edges, 
joining it to y3 with a blue edge, and letting the edges joining it to y4 and ys be the 
missing edges. See Fig. 2.12. The resulting Kg L! K1,4 avoids a red C4 and a blue 
C6, from which it follows that r,.(C4, C6) > 5. 
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In [90], the authors claim that 
rx (Ca, C5) = rx (Ca, Co) = 5, 


after carefully checking all small cases. As they omitted the details of the proofs of 
the upper bounds for these star-critical Ramsey numbers, the reader is encouraged 
to formulate their own proofs. The case where n > 7 was proved in [90], and the 
proof relies on the classification of the critical colorings for (C4, C,), as well as the 
following lemma due to Ore [74]. 


Lemma 2.3 ([74]) Let G be a 2-connected graph of order n. If 
degg(x) + degg(y) 2+ 1 


for every pair of distinct vertices x, y € V(G), then G is Hamiltonian-connected. 


To describe the critical colorings when n > 7, begin with a vertex x and form a 
red 


Gr:= {x} + ((m — 2i — 2) K, UiK2). 
The complement forms the blue subgraph 


Gp := {x} U (Kn-2i-2 + (Ka) — i K2)). 

Denote the resulting red/blue coloring of K,_; by G. For0 <i < a form G, 
by adding in a vertex y and joining it to all vertices in G using blue edges. For 
O<i< a3, form G2 by adding in a vertex y, joining it by a red edge to a single 
vertex in the red (n — 2i —2) K, and by blue edges to the remaining vertices in G. For 
l<i< 1 form G3 by adding in a vertex y, joining it by a red edge to a single 
vertex in the red i K2 and by blue edges to the remaining vertices in G. For the last 
coloring, letO <i < at and form G4 with a red graph {x}+ ((n —2i — 1) K, Ui K2) 
and blue graph {x} U (Ky,_2;-1 + (K2; — i K2)). Figure 2.13 illustrates each of these 
colorings. 

None of the colorings in Fig. 2.13 contain a red C4 as such a cycle would have to 
include vertex x and the only cycles that include x have length 3. Also, no blue C, 
exists as such a cycle would have to include all 7 of the vertices and x is an isolated 
vertex in each of the subgraphs spanned by the blue edges. So, all of these colorings 
are in Crit(C4, C,,). The fact that these are the only colorings in Crit(C4, C,) was 


proved by Wu et al. [90]. 


Theorem 2.18 ({90]) Foralln > 6, every critical coloring of (C4, Cn) has the form 
of one of the colorings G,, G2, G3, G4 described above (and shown in Fig. 2.13). 


Theorem 2.19 ([90]) For all n > 7, ra(C4, Cn) =5. 
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n-2 vertices 


Fig. 2.13. Critical colorings for (C4, C,), when n > 6 


Proof Assume that n > 7 and consider the red/blue coloring of K, in which the 
subgraph spanned by red edges is isomorphic to K1,,—-2 U {y} and the subgraph 
spanned by blue edges is isomorphic to Kj ,—2 + {y}. This coloring corresponds 
with G; in Fig. 2.13 when i = 0. Denote by x the center vertex in the red K1,,—2 
and let x;,x2,...,Xn—2 denote its leaves. Let y be the isolated vertex in the red 
subgraph. Introduce a new vertex v, joining it to x, y, and x; via red edges and to x2 
via a blue edge. The resulting K, Li Kj,4 avoids a red C4 and a blue Cy, from which 
it follows that r,(C4, C,) > 5. 

Now consider a red/blue coloring of K, LI K1,5 and let v be the center vertex of 
the deleted star. Removing v results in a red/blue coloring of K,, that, if a red C4 and 
a blue C,, are to be avoided, must be one of the colorings described in Fig. 2.13 by 
Theorem 2.18. Denote by G’ this red/blue coloring of K,,. In all four cases, note that 
the subgraph of G’ spanned by red edges contains a red K1,,—2, with center vertex 
given by x. Denote by x1, x2,..., Xn—2 the leaves of the red K,,—2. If a red C4 is 
to be avoided, then v joins to {x1, x2,..., Xn—2} via at most one red edge. 

As v is assumed to be incident with five edges, it must join to at least three 
vertices in {x1, x2,...,Xn—2}. At least two such edges must be blue, say vx; and 
vx2. Note that in the blue subgraph induced by {x1, x2, ..., Xn—2}, which we denote 
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Fig. 2.14 A red/blue 
coloring of K2,—2 U K1,, that 
lacks a red C,, and a blue Cy, 
where m is odd, n > m > 3, 


and (m,n) 4 (3, 3) 


by B, every vertex has blue degree at least n — 4. Hence, for any 1 <i < j <n—2, 
deg, (x;) + degg(xj) > 2n-8>n-1 


is equivalent ton > 7. Lemma 2.3 then implies that B is Hamiltonian-connected. 
So, there exists a Hamiltonian path from x; to x2 in B. Joining this blue path with 
the blue edges vx; and vx2 produces a blue C,. It follows that r.(C4, Cy) <5. O 


At present, few other cases of star-critical Ramsey numbers for cycles versus 
cycles have been considered. One exception to this is the following theorem proved 
by Zhang et al. [95] in 2016. 


Theorem 2.20 ((95]) For m odd, n > m > 3, and (m,n) 4 (3, 3), 
ra(Cm, Cn) =n +1. 


Observe that under the assumptions of Theorem 2.20, r(Cm, Cy) = 2n — 1 [32]. 
The lower bound for the corresponding star-critical Ramsey number comes from 
first replacing the vertices in a red K2 with blue K,,_,-subgraphs. Introduce vertex 
v, joining it to all of the vertices in one K,,_,-subgraph with red edges and joining it 
to a single vertex in the other K,,_;-subgraph with a blue edge. The remaining n — 2 
edges are the missing edges (see Fig. 2.14). The resulting K2,—2 U K 1,» lacks a blue 
C,, and all of its red cycles have even length. It follows that r,.(Cj,, Cy) > n+ 1. 


2.3.2 Cycles Versus Other Graphs 


In 1989, Burr et al. [12] proved that for all n > 3, 


r(C4, Py) =n +1. 
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Fig. 2.15 A critical coloring 
for (C4, P,) in which a red 
matching of size 2 is removed 
from the blue K,—1 


The corresponding star-critical Ramsey number was considered by Hook and Isaak 
(see [47] and [50]). Before evaluating r,(C4, P,), it is necessary to describe the 
critical colorings of (C4, Pn). 

For i € {0,1,2,..., [7h let M; denote a set of i independent red edges 
(i = O corresponds with the empty set). Let X; be the graph formed by taking a 
K,—1 and removing edges from it that correspond to an M;-subgraph. Now let G;,y 
be the red/blue coloring of K, whose red subgraph is {v} + (iK2 U (n — 1 — 27) Ky) 
and whose blue subgraph is X; U {v}. For example, Fig. 2.15 shows G2,y. 


Theorem 2.21 ([47, 50]) Forn > 3, 
; n—1 
fe [O---| 5 I}. 


Proof When n = 3, the only critical colorings for (C4, P3) are the red/blue 
colorings of K3 that have at most one blue edge. The two resulting colorings 
correspond with Go,3 (having one blue edge) and G,,3 (having no blue edges). 

For the cases where n > 4, consider a red/blue coloring of K, that lacks a red 
C4 and a blue P,. Since r(C4, Py_1) = n [12], it follows that there exists a blue 
P,n—1, which we assume has vertex sequence x; x2---X,—1. Let v be the vertex not 
included in the blue path. Since a blue P, is avoided, the edges vx; and vxp_1 
must be red. If vx; and vx;+1 are both blue for some i € {2,3,...,n — 3}, then 
X1X2 +++ XEUXJ41Nj42°-++Xn—1 iS a blue P,. So, v cannot join to two consecutive 
vertices in x1X2---X,—1 Via blue edges. Suppose that vx; is blue for some k € 
{2,3,...,n — 2}. Then vxg_; and vxz41 are both red. Then x;x,—; must be 
red, otherwise vxpxp41 ° ++ Xn—1X1X2+++Xe—1 18 a blue Py. If x~—1xXn—1 is red, then 
UX1Xn—-1XK—-1V is ared C4. If Xk-1Xn-1 is blue, then X1X2 °° * XK-1Xn—-1Xn-2°°* XKV 
is a blue P,. The previous two statements hold for k = 2 by symmetry with 
k =n — 2. It follows that v joins to all of the vertices in the blue P,, via red edges. 

Suppose that some x; has red degree degp(x,) > 3. That is, vxz is red and 
there exists two distinct vertices x; and x; such that x;x, and x;x, are red. Then 


Crit(Cq, Pn) = {Gin 
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Fig. 2.16 A red/blue 
coloring of K, LU K1,9 that 
avoids a red C4 and a blue P, 


Vx;xXRXj;U is a red C4. So, each xz has at most one red edge to another vertex in 


the P,—1. Hence, the red subgraph induced by {x1, x2, ..., X,—1} is isomorphic to 
iK2U(n—1-—2i)K, for somei € {0,1,..., (4h, and the coloring corresponds 
with G;.n. oO 


Theorem 2.22 ([47, 50]) For alln > 3, r.(C4, Py) = 3. 


Proof To prove that 3 is a lower bound for r.(C4, Py), start with a red K2 and 
replace one of its vertices with a blue K,_;. Select a vertex x in the blue K,_, 
and label the vertex not replaced by a blue K,_, by v. The resulting red/blue K,, 
is a critical coloring for (C4, P,) since no red C4 exists and the largest connected 
blue component has order n — 1. Now, add in a vertex a and the edges ax, and av. 
Coloring ax; red and av blue avoids a red C4 and a blue P,, (see Fig. 2.16). Thus, 
rx (C4, Pn) = 3. 

To prove the reverse inequality, consider a red/blue coloring of K, LI K1,3 and 
let w be the center vertex for the missing star. Removing w results in a red/blue 
coloring of K,, that, if it avoids a red C4 and a blue P,,, must be one of the colorings 
described in Theorem 2.21. A blue edge from w to any vertex other than v in the 
K,, produces a blue P,, and any two edges from v to vertices other than v in the 
K,, produce a red C4. Therefore, three edges (including edge vw) guarantees the 
existence of a red C4 or a blue P,,. Hence, r.(C4, Py) < 3. oO 


In 1973, Lawrence [58] showed that for all m,n € N that satisfy m > 2n, 
r(Cm, K1.n) = m. The corresponding star-critical Ramsey number was considered 
in [88]. 


Theorem 2.23 ([88]) Jfm,n € N such thatm > 2n+2, thenr,(Cm, Kin) =n+l1. 


Proof To prove the lower bound, begin with a red K,,—1, add in a vertex v, and 
join v to Kj,—1 using only n edges. Color of the n edges red and the others blue 
obtain a red/blue coloring of Ki,—1 U K1,n. No red cycle can include vertex v since 
it has red degree 1 and there are not enough vertices in the red K,,—; to contain a 
red C,,. Also, no blue K1,, exists since there are only n — 1 blue edges. It follows 
that r.(Cm, Kin) >=n+1. 
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To prove the reverse inequality, consider a red/blue coloring of Kin—1 U K1.n+1 
and denote by v the center vertex of the missing star. If the coloring lacks a blue 
Kn, then every vertex has blue degree at most n — 1. So, the vertex v must have 
red degree at least 2. If u is any vertex other than v, then its red degree satisfies 


n+1 
degp(u) > (m—2) -(n- 1) =m—n-1> ||. 
Thus, there exists a degree sequence d} < dy < --- < dy, where d; > 2 and 
dj = [st >i+l1,for1 <i < 5. By Lemma 2.2, there exists a red Cin. It follows 
that r.(Cm, Kin) <nt+1. oO 


The study of Ramsey numbers for cycles versus complete graphs was initiated 
in the work of Bondy and Erdés [1] in 1973. Three years later, Erdés et al. [28] 
conjectured that for all m > n, r(Cy, Ky,) = (m — 1)(n — 1) + 1 Gin other words, 
Cy is conjectured to be n-good). Their conjecture is still open, although it has been 
proven for numerous complete graphs and for sufficiently large cycles. In particular, 
when n = 3, Faudree and Schelp [32] proved that for all m > 3,r(C,,K3) = 2m—1. 
Since K3 = C3, Theorem 2.16 implies that r,(C,,, K3) =m + 1, for all m > 3. 

It was shown by Yang et al. [93] that r(C,,, K4) = 3m — 2 for all m > 4. In the 
case m = 4, this reduces to r(C4, K4) = 10. The following theorem implies that 
(C4, K4) is Ramsey-full. 


Theorem 2.24 ([54]) r,.(C4, K4) = 9. 


Proof This theorem will follow from providing a red/blue coloring of Kio — e that 
avoids a red C4 and a blue K4. Begin with the red graph G given in the first image 
in Fig. 2.17. One can confirm that G does not contain C4 as a subgraph. Likewise, 
G does not contain K4 as a subgraph. Together, G and G form a red/blue coloring 
of Kg that avoids a red C4 and a blue K4. Introduce a vertex v and join v to eight of 
the vertices in G using the colors red and blue as demonstrated in the second image 


on A 


Fig. 2.17 A red/blue coloring of Kio — e that avoids a red C4 and a blue K4 
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in Fig. 2.17. It follows that r,.(C4, K4) > 9. Since r,(C4, Ka) < r(C4, K4) —1 = 9, 
the statement of the theorem follows. oO 


Using the following theorem (which follows from Lemmas | and 4 in [54]) 
describing the structure of critical colorings for Cj, K4), one can determine the 
value of the star-critical Ramsey number r.(Cm,K4) when m > 5. Although 
originally considered by Hook [47], the approach used by Jayawardene et al. [54] is 
described here. 


Theorem 2.25 ([47, 54]) For every m > 5, every red/blue coloring of K3m—3 in 
Crit(Cm, K4) contains a red 3 Kiy_1. 


Theorem 2.26 ([47, 54]) For allm > 5, r.(Cm, K4) = 2m. 


Proof Begin by replacing the vertices in a blue K3 with copies of red Ky—1- 
subgraphs. The resulting graph does not contain a red C,, since the largest red 
component has order m — 1. It also does not contain a blue K4 since every 
blue complete subgraph contains at most a single vertex from any one of the red 
K —1-Subgraphs. Introduce vertex v and join v to all vertices in two of the red 
K, —1-Subgraphs with blue edges. Join v to a single vertex in the third red K,,—1- 
subgraph with a red edge. The remaining m — 2 edges are the missing edges 
(see Fig. 2.18). The vertex v is not contained in any red cycle since it has red 
degree 1 and v is not contained in any blue K4 since such a graph would have 
to contain v and a single vertex from each of the red K,,_1-subgraphs. It follows 
that r.(Cm, K4) > 2m. 

Now consider a red/blue coloring of K3,—3 1 K1,2m and let v be the center vertex 
for the missing star. Removing v results in a red/blue coloring of K3,—3, and if a red 
Cm and blue K4 are avoided, then it must contain a red 3K,,—; by Theorem 2.26. 
Let X, Y ,and Z denote the vertex sets of the three red K,,_\-subgraphs. If v joins 
to any two vertices in one of the red K,,_1-subgraphs, say X, via red edges, then a 
red C,, is formed. So, v can join to at most one vertex in each of X, Y, and Z with 


Fig. 2.18 A red/blue 
coloring of K3m—3 U K1,2m—1 
that avoids ared C,, anda 
blue K4, where m > 5 
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a red edge. Also, note that at most one red edge can exist between any two of the 
vertex sets X, Y, and Z, otherwise a red C,, is formed. 


Case 1 Suppose that v is adjacent to exactly two vertices in one of the sets X, 
Y, or Z. Then v must be adjacent to all of the vertices in the other two vertex 
sets. Without loss of generality, assume that v is adjacent to all of the vertices 
in X UY. In particular, v must join to at least four vertices in each of X and Y. 
Select x € X and y € Y such that x does not join via a red edge to any vertex 
in Y U Z U {v} and y does not join via a red edge to any vertex in X U Z U {v}. 
This is possible since at most three vertices within a given red K,,—1 can join to 
vertices outside that K,,— via a red edge. Since no red Cj, exists, there exists a 
vertex z € Z such that vz is blue and {v, x, y, z} forms a blue Ka. 

Case 2 Suppose that v is adjacent to at least three vertices in each of X, Y, and 
Z. Without loss of generality, assume that v is adjacent to at least four vertices 
in X, at least three vertices in Y, and at least three vertices in Z. Since v can join 
to at most one vertex in each of Y and Z with a red edge, it is possible to select 
two vertices y € Y and z € Z such that {v, y, z} forms a blue K3. Next, select 
x € X that only joins to vertices in Y U Z U {v} with blue edges. This is possible 
since X can have at most three vertices that join to vertices outside of X with red 
edges. Then {v, x, y, z} forms a blue K4. 


In both cases, every red/blue coloring of K3,—3 LI K1,2m contains either a red C,, or 
a blue K4. It follows that r.(C,, K4) < 2m. oO 


2.4 Wheels 


In 1983, Burr and Erdés [11] proved that for all n > 5, 
r(K3, W,) = 2n— 1. 


In her dissertation, Hook [47] considered the star-critical Ramsey number 
r,(K3, W,). Before presenting Hook’s proof, we define a class of graphs that 
will serve as the critical colorings for (K3, W,). A full classification of the critical 
colorings for (K3, W,,) was determined by Radziszowski and Jin in [77]. Although 
this full classification is not necessary to determine r,(K3, W,), the following 
theorem will be fundamental. 


Theorem 2.27 ({77]) For all n > 6, if a red/blue coloring of K2n—2 is a critical 
coloring for (K3, Wy), then it has a blue subgraph isomorphic to Kn—1. 


The following lemma will also be useful. 


Lemma 2.4 ([47]) For alln > 4, the graph K,—, U K1,3 contains a subgraph that 
is isomorphic to Wy. 
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Proof When n = 4, it is clear that K3 U K1,3 = Ka = W4. Forn > 5, consider 
the graph K,—; U Ky,3 with vertex set {v, x1, x2,...,%,—1}, where v is the vertex 
of degree 3. Without loss of generality, assume that v is adjacent to x1, x2, and x3. 
Then x2ux3---X,-1-°-+x2 forms a C,_; and x, is adjacent to every vertex in this 
cycle, forming a wheel W,,. oO 


When n = 4, W4 = Kg and r,(K3, K4) = 8 follows from Theorem 1.1 and 
the fact that r(K3, K4) = 9 (see [37]). In the following theorem, the star-critical 
Ramsey number r,.(K3, W,,) is considered for n > 7. 


Theorem 2.28 ([47]) For alln > 7, r.(K3, Wyn) =n +2. 


Proof Consider the red/blue coloring of K2,—2 with red subgraph Ky—1,,—-1 and 
blue subgraph 2K,_;. Add in a vertex v, joining it to all of the vertices in one 
of the blue K,_1-subgraphs using red edges. Join v to exactly two vertices in the 
other blue K,,_; using blue edges (see Fig. 2.19). The red subgraph of the resulting 
red/blue K2,—2 LU K1,n+1 is bipartite, and hence, avoids a red K3. No blue W,, exists 
since v does not have a large enough blue degree to be contained in a wheel and 
not enough vertices exist in the blue K,—1-subgraphs to contain W,,. It follows that 
rx(K3, Wi) => n+ 2. Note that this inequality also follows from Lemma 1.3 after 
observing that W,, is 3-good. 

To prove the reverse inequality, consider a red/blue coloring of K2,—2 U K1,n+2 
and let v denote the center vertex of the missing star. Removing v, we obtain a 
red/blue coloring of K2,—2. If this coloring avoids a red K3 and a blue W,, then by 
Theorem 2.27, it must contain a blue subgraph isomorphic to K,—; that we denote 
by X. Let Y denote the subgraph induced by the vertices not in X U {v} (Le., Y isa 
red/blue K,—1) and suppose that y;, yo € Y are such that y; y2 is red. Let y; and y2 
have blue degrees d; and dz in X, respectively. By Lemma 2.4, if either dj > 3 or 
dz > 3, there exists a blue W,,. So, assume d; < 2 and dz < 2. Then y; and y2 each 
have red degree at least nm —3 in X. Since 2(n —3) > n—1 for all n > 6, there exists 
some vertex x € X such that the subgraph induced by {x, yi, y2} is ared K3, which 
is a contradiction. So, no red edge exists in Y and the critical coloring contains a 
blue 2K,_1. 


Fig. 2.19 A red/blue 
coloring of K2n—2 U Ki .n41 
that avoids ared K3 anda 
blue W, 
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Observe that v joins to at least three vertices in each of X and Y. By Lemma 2.4, 
if v joins to either of X or Y via three or more blue edges, then a blue W,, is formed. 
So, assume that v joins to each of X and Y using at most two blue edges (and at 
least one red edge). Since n > 7, it follows that v is incident with at least five 
vertices in one of X or Y, say Y. Then v joins to at least three vertices in Y via red 
edges. Without loss of generality, assume that vx, vy), vy2, and vy3 are red, where 
x € X and yj, y2, y3 € Y. If xy, xyo, and xy3 are all blue, then Lemma 2.4 implies 
that there exists a blue W,,. Otherwise, some xy; is red, say xy, and the subgraph 
induced by {v, x, y;} forms a red K3. It follows that r,(K3, Wn) <n +2. oO 


Noting that W4 = K4, it was proved by Yang et al. [93] that 
r(Cm, W4) = 3m — 2, 
when m > 4. In Theorem 2.26, a result equivalent to 
1s(Cm, Wa) = 2m, 
was proved for all m > 5. For other wheels, it was proved by Chen et al. [17] that 
r(Cm, Wn) = 3m — 2, 


for n even,m+1 > n > 4, and m > 4. Before considering the corresponding 
star-critical Ramsey number, we state the following theorem by Liu and Chen [67], 
which introduces the requirement that m > 60. 


Theorem 2.29 ((67]) For n even, m+1>n > 6, andm > 60, every critical 
coloring of (Cm, Wn) contains a red 3K m1. 


In 2021, Liu and Chen [67] proved the following theorem, evaluating the star- 
critical Ramsey numbers for the cycles and wheels described in Lemma 2.29. 


Theorem 2.30 ((67]) Forn even, m+1>n > 6, andm > 60, rs(Cm, Wy) = 2m. 


Proof Begin by replacing the vertices in a blue K3 with red K,,_,-subgraphs to 
obtain a red/blue coloring of K3,,—3. Introduce a vertex v and and join it to all 
vertices in two of the K,,_; subgraphs via blue edges. Join v to a single vertex in 
the third K,,_;-subgraph via a red edge. The remaining m — 2 edges are the missing 
edges. The resulting K3,,-3 Li K1,2,—1 lacks a red C,, since v is not contained in 
any red cycles and the largest red component in the original K3,,_3 only had order 
m — 1. The subgraph panned by the blue edges can be properly vertex colored using 
only three colors since one color can be assigned to each of the K,,_1-subgraphs 
and v can receive the same color as the vertex v joins via a red edge. For n even, 
x(W,,) = 4, so no blue W,,-subgraph exists. It follows that r,(C,, W,) => 2m. 

To prove the reverse inequality, consider a red/blue coloring of K3,—3 LU K1,2m 
and let Gr and Gz be the subgraphs spanned by the red and blue edges, respectively. 
Let v be the center vertex for the missing star. Then deleting v results in a red/blue 
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coloring of K3m—3. If a red C,, and a blue W,, are avoided, then Theorem 2.29 
implies that it must contain a red 3K,,_1. Let X;, X2, X3 denote the vertex sets for 
the three red K,,—1 subgraphs. For each such that | < i < 3, denote by NG, (vu, Xi) 
the subset of X; joined by red edges to v and degg, (v, X;) := |NGp(v, X;)|. Define 
NG, (uv, X;) and degg, (v, X;) analogously. If no red C;, exists, then there is at most 
one red edge between any pair of sets X;, X2, X3 and degg, (v, X;) < 1 for all 
1 <i < 3. It follows that degg, (v, X;) > 1 forall 1 <i <3 and 


degg, (v, X1) + degg, (v, X2) + degg, (v, X3) = 2m — 3. 


Consider two cases. 


Casel_ If degg, (v, X3) = 1, then degc, (v, X}) > m—2 and degg, (v, X2) > 
m — 2. Let z € Nez (v, X3), 


Y; = Nop lv, X1) 1 NG, (Z, X11), and Y2 = NG, (v, X2) 1 NGz (Z, X2). 


Then |Y1|, |Y2| > m—3 > a Since the subgraph of Gg induced by Y; U Y2 
is a complete bipartite graph with at most one edge missing, it follows that Y; U 
Y2 U {v} contains a C,_1, from which a W,, can be formed by including vertex z. 
Case2 If degg,(v, X3) > 2, then degg,(v, X1) => “3 and degg, (v, X2) = 
a Let x, y € NG,(v, X3). At most one red edge exists between {x, y} and 


NG ,(u, X2), so assume that Ng, (v, X2) © NG, (x, X2). Let 


Z, = Nog(v, X1) 1 NGg(x, X1) and = Z2 := NG, (v, X2). 


Then |Z;| > 3 —1> 5? and |Z2| > 4" > 4. The subgraph of Gz 
induced by Z; U Z2 is a complete bipartite graph with at most one edge missing. 
It follows that Z; U Z2 U {v} contains a C,,_1, from which a W,, can be formed 


by including vertex x. 


In both cases, it has been shown that a red/blue coloring of K3m—3 UI K1,2m contains 
ared C,, or a blue W,. It follows that r.(Cm, Wn) < 2m. oO 


Recently, Liu and Chen [68] also proved a result equivalent to the following 
theorem. 


Theorem 2.31 ([(68]) For oddm > 5 andn > 2") +43, (Cn, Wn) =n +2. 


2.5 Disjoint Unions of Complete Graphs 


The first star-critical Ramsey numbers involving disjoint unions of complete graphs 
were investigated by Hook and Isaak (see [47] and [50]), and concerned disjoint 
unions of Kz and K3. We start with the the case of of matchings mK2, which are 
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Gi G2 


Fig. 2.20 For all n > m > 1, G, is a red/blue coloring of Ky,42,—2 that avoids a red mK and 
a blue nK2. When n = m, G2 provides a second red/blue coloring of Kin+2n—2 that avoids a 
monochromatic mK 


sometimes referred to as “stripes” in the literature (e.g., see [23, 24], and [69]). For 
all > m > 1, Cockayne and Lorimer [24] proved that 


r(mK2,nK2) =m+2n-—1. 


The lower bound for this Ramsey number is achieved by G in Fig. 2.20. This graph 
is the red/blue coloring of Kim+2,—2 formed by replacing one vertex in a red K2 
with a red K,,—; and the other vertex with a blue K2,_1. Since every edge in a 
red matching must contain at least one vertex from the red K,,—1, there are not 
enough vertices to form a red m K2. Every blue matching must be entirely contained 
in the blue K2,_, preventing a blue nK2 from existing. Hence, the coloring given 
in Fig. 2.20 is a critical coloring for (mK2,nK2). When n = m, the colors can be 
switched and we obtain a second critical coloring for (mK2,mK2) as given by G2 
in Fig. 2.20. In the following theorem, it is shown that the two colorings in Fig. 2.20 
are the only critical colorings for (m K2,nK2). 


Theorem 2.32 ([47, 50]) [fn => m > 1 and G, and G2 are the graphs given in 
Fig. 2.20, then 


Crit(m K>, nK>) = hes am 

{Gi, Go} ifn =m. 
Proof Letn > m > 1 and proceed by (strong) induction on m+n. When m = 1 and 
n > 1, no critical coloring can contain red edges and we find that r(K2, nK2) = 2n. 
In other words, the only critical coloring is a blue K2,—1, which corresponds with 
G, in Fig. 2.20 (and is a Kj when n = m = 1). Now assume the theorem is true 
for all n’ > m’ > 1 such that m +n > m’ +n’ and consider a critical coloring for 
(m K2, nK2), which is necessarily a red/blue coloring of Kyy+2n—2. 

Note that there must exist a vertex v incident with both red and blue edges, 
otherwise the graph must be monochromatic and hence, contains a red mK2 or a 
blue nK»2. So, assume that a and b are vertices such that va is red and vb is blue. 
Let H denote the subgraph induced by V(Ki.+2n—-2) — {v, a, b}. The graph H is a 
red/blue coloring of Kin+2n—5, and since r((m — 1)K2, (n — 1)K2) =m+2n —4, 
it follows that H is a critical coloring for ((m — 1) K2, (n — 1) K2). By the inductive 
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Hy H 


Fig. 2.21 The graph H; is the only critical coloring for ((m — 1)K2, (n — 1)K2) whenn > m. 
When n = m, Hj and Hp are the only two critical colorings for ((m — 1) K2, (n — 1) K2) 


hypothesis, H is one of the colorings described in Fig. 2.21, which we label Hy 
and Hp. 

Ifn > m, then H is the coloring given by H, which is formed by replacing one 
vertex in ared Ky with a red K,,_2 and the other vertex with a blue K2,_3. Let X 
denote the red K,,,2 and Y denote the blue K2,_3. There exists a blue matching of 
size n — 2 in Y. Suppose that the vertex a is joined to some vertex in X via a blue 
edge. Then a blue n K2 is formed using this edge, the edge vb, and the blue matching 
in Y of size n — 2. So, a is adjacent to all vertices in X via red edges and X U {a} isa 
red Kj;,—1, which we denote by X’. Now note that there exists a red matching of size 
m — 2 in which each edge contains one vertex from X and one vertex from Y. Also, 
such a matching can be formed using any m — 2 distinct vertices from Y. Suppose 
that b is joined to some vertex in Y by a red edge. Then a red m K2 is formed using 
this edge, the edge va, and a red matching of size m — 2. So, b is adjacent to all 
vertices in Y by red edges and Y U {b} is ared K2,_2, which we denote by Y’. 

Since Y’ contains a blue matching of size n — 1, no blue edge can exist between 
v and the vertices in X’ without forming a blue 7K. So, all edges joining v to all 
vertices in X’ must be red. There also exists a red matching of size m — 1 in which 
each edge has a single vertex from X’ and a single vertex from Y’. Moreover, such 
a matching can be found having any selection of m — 1 vertices from X’. If v is 
adjacent to any vertex in Y’ via a red edge, then a red m K> can be formed. It follows 
that Y’ U {v} is a blue K2,_, and the original coloring of K,,42,—2 corresponds with 
G, in Fig. 2.20. 

If n = m, then A could be given by H, or A. If it is H;, then the above proof 
still holds. If H is given by Hy, then the switching the colors red and blue in the 
above proof above proof holds and the result is G2 in Fig. 2.20. oO 


Theorem 2.33 ([47, 50]) [fn > m > 1, thenr,(mK2,nK2) =m. 


Proof Starting with the graph G, in Fig. 2.20, add in a vertex v, connecting it by 
red edges to the red K,,_1. The result is a red/blue Kin+2n—2 U K1,m—1 that avoids a 
red m K2 (since every edge in a red matching must include at least one vertex from 
the red K,,_;) and a blue n K2. It follows that r.(mK2,nK2) > m. 

To prove the reverse inequality, consider a red/blue coloring of Km+2n—2 U Kim 
and let v be the center vertex of the missing star. If a red mK> and blue n K2 are to 
be avoided, then the red/blue coloring of the Ki,+2,—2 must be one of the critical 
colorings given in Fig. 2.20. 
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Ifn > m, then by Theorem 2.32 it must correspond with G,. If any of the m 
edges joining v to the K+2,—1 are blue, then a blue  K2 is formed since the blue 
K2n—1 in G, contains a blue matching of size n — 1 using any choice of 2m — 2 
vertices. So, all m of the edges must be red and at least one of the red edges must 
join v to the blue K2,_1. This red edge along with a red matching of size m — 1 
in which each edge has one vertex in the red K,,—; and the other vertex is selected 
from the blue K2,_; form a red mK». It follows that r,(mK2, nK2) < m whenever 
n>m. 

Ifn = m, then by Theorem 2.32 the red/blue coloring of K3,,—1 can correspond 
with either G; or Go. If it corresponds with G,, then the same proof as above 
applies. If it corresponds with G2, then switching the colors in the above proof 
also holds. In both cases, it follows that r,.(mK2,mK2) < m. oO 


In 1975, Cockayne and Lorimer [24] proved that if m,,m2,...m; € N and 
m := max{m1,m2,..., m;}, then 


t 
r(m,K2,m2K2,...,m,K2) =m+1+ Simi —1). 


i=1 


Generalizing Hook’s result on matchings to the multicolor case, Xu et al. [92] 
proved the following theorem. 


Theorem 2.34 ((92]) [fm, > m2 >--->m; > 1, then 


t 
r4(mK2,m2K2,...,m:K2) = 1+ ) (mj — 1). 
i=2 


In [69], it was shown that for all m > 2 andn > 1, r(Ky,nK2) =m + 2n — 2. 
When m = 2, the corresponding star-critical Ramsey number was determined in 
Theorem 2.33. In 2015, Li and Li [66] proved that (K,,, 1 K2) is Ramsey-full for all 
m > 3. 


Theorem 2.35 ((66]) [fm > 3 andn > 1, thenr,(Km,nK2) = m + 2n — 3. 


Proof When n = | the theorem follows from Theorem 1.1. So, assume that m > 3 
and n > 2. It suffices to provide a red/blue coloring of Ky+2n—-2 — e that avoids a 
red K,, and a blue 7 K2. Start by replacing one vertex in a red K2 with ared Ky,—2 
and the other vertex with a blue K2,_1. Introduce a vertex v and join it to all of the 
vertices in the blue K2,—; with red edges and to exactly m — 3 of the vertices in the 
red Kj,—2 with red edges. One edge connecting v to the red K,,—2 is the missing 
edge (e.g., see Fig. 2.22). The resulting Ky,+42n-2 — e avoids a red K,, since the 
largest complete red subgraph includes at most one vertex from the blue K2,—1 or 
the vertex u, and hence, has order at most m — 1. A blue n K2 1s also avoided since 
the only blue edges are in the blue K2,,_1. It follows that (Ky, 1 K2) is Ramsey-full, 
completing the proof of the theorem. 

oO 
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Fig. 2.22 A red/blue 
coloring of Ky)+2n—2 — e that 
avoid ared K,, and a blue 
nKy 


It is worth noting that in [66], Li and Li completely classified Crit( Kj, 1 K2) for 
allm > 2 andn > 1. This classification was not necessary for the evaluation 
of r.(Km,nK2) since (Km,nK2) is Ramsey-full. However, the m = 3 case is 
needed later in the section on Fans (Sect. 2.6), where it is needed in in the proof 
of Theorem 2.41. So, a proof of this case is given below. 


Theorem 2.36 ((66]) For all n > 1, the critical colorings for (K3,nK2) are those 
with red subgraphs isomorphic to K2j+1,2n—(2i+1) and blue subgraphs isomorphic 
to K2j41 U Kan—Qi+iy, where i € {0,1,2,..., el }. 


Proof We proceed by induction on n > 1. When n = 1, a critical coloring for 
(K3, K2) cannot contain any blue edges, and hence, has at most 2 vertices. Thus, 
it must be a red K2. Now assume the lemma is true for some n — 1 > 1 and 
consider a red/blue coloring of K2, that avoids a red K3 and a blue 1 K2 (recall that 
r(K3,nK2) = 2n + 1). Such a coloring contains at least one blue edge, otherwise 
a red K3 is formed since n > 2. Let uv be a blue edge. Removing uv produces a 
red/blue coloring of K2,—2, which must be a critical coloring for (K3, (n — 1)K2) 
since a blue (n — 1) K2 and uv together would produce a blue n K2. By the inductive 
hypothesis, this K2n—2 has red subgraph given by K2j+1,2~—1)—@i+1) and blue 
subgraph given by K2j41 U K2m—1)-@i4+1), for some i € {0,1,2,..., (21. 
Denote by X, the blue K2;4) and by X2 the blue K2(7—1)—(2i+1). If u joins to some 
vertex in X; and to some vertex in X2 with red edges, then a red K3 is formed. So, 
u must join to one of X; and X2 via only blue edges. Without loss of generality, 
assume that u joins to X2 via only blue edges. By a similar argument, v must join 
to all vertices in one of X; and X>2 via only blue edges. If v only joins to X; via 
blue edges, then X; U {uv} forms a blue K2;42, which contains a blue (i + 1)K2. 
Likewise, X2 U {u} forms a blue K2,_2;-2, which contains a blue (n — i — 1)K». 
These two blue graphs together produce a blue n K2, leading to a contradiction. So, 
v must only join to vertices in X2 via blue edges. 

At this point, X2 U {u, v} forms a blue K2,—2;~1, which contains a blue (n — 
i — 1)K2. If ux is blue for any x € Xj, then this edge, along with the remaining 
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iKz in X, and the (n —i — 1)K2 in X2 forms a blue n K2. Thus, all edges joining 
u to X; must be red. The same is true for v and it follows that the critical coloring 
considered for (K3,Kz2) must be one of those described in the statement of the 
theorem. oO 


Now we turn our attention to the disjoint union of K3. In 1975, Burr et al. [13] 
proved that ifn > m > 1 andn > 2, then 


r(mK3,nK3) = 2m + 3n. 


In the following theorem, it will be shown that (m K3, nK3) is Ramsey-full. 
Theorem 2.37 ([47, 50]) [fn >m > 1 andn > 2, then 


r,.(mK3,nK3) = 2m + 3n — 1. 


Proof It suffices to provide a red/blue coloring of K2m+3n — e that avoids a red 
mKz3 and a blue nK3. Begin by replacing one vertex in a red K2 with a red K2—1 
and the other vertex with a blue K3,,_;. Introduce two vertices, called them u and v, 
joining them to the vertices in the red K2,,_ using blue edges and to the blue K3,_1 
using red edges. The edge between u and v is the missing edge (see Fig. 2.23). The 
resulting K2m+43n — e lacks a red mK3 since every red K3 must contain at least two 
vertices from the red K2,—1. It also lacks a blue n K3 since every blue K3 must be 
contained in the blue K3,_1. It follows that r,.(mK3,nK3) = 2m + 3n — 1. 


oO 


Lorimer and Mullins [70] proved that ifm > 1 andn > 2, then 


2m+4n+1ifn>m 


K3,nK4) = 
r(mK3,nK4) ea cee aie 


Fig. 2.23. A red/blue 
coloring of Kom+3n — e that 
avoid a red mK3 and a blue 
nK3, wheren > m > | and 
n>2 
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In the following theorem (first proved by Li and Li [66]), it is shown that 
(m K3, nK4) is Ramsey-full. 


Theorem 2.38 ((66]) Jfm > 1 andn > 2, then 


r(mK3,nK4) = eerie 

3m + 3n otherwise. 
Proof Let p = r(mK3,nKa). Then the theorem will follow from constructing a 
red/blue coloring of K, — e that avoids a red mK3 and a blue n K4. First consider 
the case where n > m. When n > m, start with replacing one vertex in a red K2 
with ared K2,,_, and the other vertex with a blue K4,_ 1. Introduce two vertices, call 
them u and v, connecting them to the red K2,,_; using blue edges and to the blue 
K4n—1 using red edges. The edge between u and v is the missing edge. The result 
(see the first image in Fig. 2.24) is a red/blue coloring of K2+44, — e. The only blue 
K4-subgraphs must be entirely contained in the blue K4,—1, which does not contain 
enough vertices to include n disjoint copies of K4. For the red K3 subgraphs, each 
one must contain at least two vertices from the red K2,,_1. Since there are fewer 
than 2m vertices in this complete subgraph, m disjoint copies of red K3-subgraphs 
do not exist. Hence, (mK3,K4) is Ramsey-full in this case. 

When n < m, we use a similar construction, except that we start by replacing 
one vertex in a blue K2 with a red K3,,_; and the other vertex with a blue K3,,_ 
(see the second image in Fig. 2.24). In this construction, the only red K3-subgraphs 
must be entirely contained in the red K3,,_; and there are not enough vertices to 
have m disjoint copies of red K3-subgraphs. Every blue K4 must include at least 3 
vertices from the blue K3,_1. Having ann K4 would then require there to be 3” such 
vertices, which we do not have. Thus, (mK3,K4) is Ramsey-full in this case. O 


In [10], Burr proved that if k, 2 > 3 are integers and m and n are large, then 


Fig. 2.24 Red/blue colorings of K, — e, when p = r(mK3,nK4). The first image corresponds 
with the case n > m and the second image corresponds with the case n < m 
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r(mKx,nKe) = (k — 1)m+ (€— 1)n+ max{m,n}+r(Kz_-1, Ke-1) —2. 


The following is Theorem 2 of [95], from which it follows that (mK ,,nKe) is 
Ramsey-full when m and n are large. 


Theorem 2.39 ([95]) Letk, > 3 be integers. Ifm and n are large, then 
ry (mKy,nKe) = (k — 1)m + (€ — 1)n + max{m, n} + r(Kx_-1, Ke_-1) — 3. 
Proof Without loss of generality, assume that m > n and let 


p=(k—1)m+ (€—1)n + max{m, n} + r(Kx-1, Ke-1) — 2 
=km-+ (€— 1)n+r(Kx-1, Ke-1) — 2. 


Start with the disjoint union of a red Kxym—1, a blue K(e—1)n—1, and a red/blue 
critical coloring of Ky(K,_;,K,_,)—1- Color all edges joining Kxm—1 to K(e—1yn—1 U 
Ky(K,_1,K¢_1)—1 blue and all edges joining K(e—1),—-1 and K;(K,_,,K,_,)—1 red. No 
red mK, exists as it would have to be entirely contained in the red Kx,—1. Also, 
every blue K¢ must contain at least € — | vertices in the K(e—1)n—1, preventing a 
blue n Ke from being a subgraph. 

Select a vertex a in the Ky(xK,_;,K,_;)—1 and introduce a new vertex b. Assign 
edge bx the same color as ax for any other vertex x and let a and b be the endpoints 
of the missing edge (see Fig. 2.25). No monochromatic complete graph with order 
greater than | can contain both a and b. By construction, the subgraph with a deleted 
is isomorphic to the corresponding subgraph with b deleted. So, we have constructed 
a red/blue coloring of K, — e that avoids a red mK, and a blue nK¢. It follows that 
(mKx,nKe) is Ramsey-full. 


Fig. 2.25 A red/blue 
coloring of Ky(mk,,nK,) — @ 
that avoids ared mK, anda 
blue n Ke 


Ob 
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In 2006, Salman and Broersma [81] proved that for all m > 4 and m > 2n — 1 > 3, 
r(Pm, Fy) = 2m — 1. 


In the process, they included the following lemma, which is needed for the 
evaluation of the corresponding star-critical Ramsey number. 


Lemma 2.5 ((81]) Let G be a graph with order |V(G)| > n > 4 that does not 
contain P, as a subgraph. Suppose that the paths P', P*,..., P* are subgraphs of 
G chosen in the following way: V(G) = iat V(P/), P! is a longest path in G, 
and for k > 1, P'*! is a longest path in V(G@)-Uj= V(P/), where 1 <i <k-1. 
Let u be a leaf of P*. Then 

1. V@ V1 S|ViPo 242 Vie), 

2. if |V(P*)| = [4], then Nc) S V(P*) and Ne(u) # VP"), 

3. if |\V(P)| < L$] — 1 then deggw) < |$] - 1. 

Proof The first implication follows from the way in which the paths are chosen. 


This choice also leads to the observation that for any integer j with 1 < j < k, the 
number of neighbors of u in V(P/) is at most 


|e 1 ie 
2 


when |V(P/)| > 2|V(P*)| + 1, and is equal to 0 when |V(P/)| < 2|V(P*)| +1. 
This is deduced by first ordering the neighbors of u on P/ according to their order of 
appearance on P/, in a fixed orientation. Observe that between any two successive 
neighbors of u on P/, there are at least |V(P*)| nonneighbors of u, from which the 
claim follows. 

Assume that |V(P*)| > [3]. Then 2|V(P*)| + 1 > n > |V(P!)| and it can 
be concluded that u does not have any neighbors in V(G) — V(P*). The second 
implication in the statement of the lemma follows. 

Now assume that |V(P*)| < L5]. If u does not have any neighbors in V(G) — 
v(Pk ), then the third implication of the lemma follows. So, assume that u does have 
some neighbors in V(G) — V(P*). Denote by 11, h2,..., i; the numbers of vertices 
on P!, P?, eects P* that contain a neighbor of u, chosen such that hy; > --- > ho => 
hi, where t < k. Denote by dj, do,...,d; the numbers of neighbors of u on the 
corresponding paths. Then h; = \V(P*)| >d, + 1and hz > 2h; + 2d) — 1. Since 
u connects any two of the considered paths, if tf > 3, we obtain 


hy > 2((hj—1/2 + 2) + 2dj — 1 = hj_y + 2d; +2, 


for 3 < j <t.So, when t > 2, this implies that 
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hy > 2(d) + dz +--+ +d))+2(t — 2) +1 > 2|NG(u)| +1. 
As hy < n — 1 and |NG(u)| are both integers, the third implication in the lemma 
follows. oO 


In 1973, Lawrence [58] proved that for all m,n € N that satisfy m > 2n, 
r(Cn, Kin) =m. 
In 1974, Faudree et al. [31] proved that for all m,n € N that satisfy m > 2n > 4, 
r(Pm, Can) =m+n—1. 


Along with the above lemma, both of these results will be necessary in the evaluation 
of rx(Pimn, Fn), under appropriate assumptions on the values of m and n. 


Theorem 2.40 ([88]) [fn > 2 and m > 2n +1, thenr,(Pm, Fn) =m+n-—1. 


Proof For the lower bound, begin by replacing the vertices in a blue K2 with blue 
K,»—1-subgraphs. Add in vertex v joining it to all vertices in one of the red Kj,—1- 
subgraphs using blue edges. Join v to the other K,,_1 using exactly n — 1 blue edges 
and let the remaining m — n edges be the missing edges. No red P,, exists since 
the largest connected red subgraph has order m — 1. No blue F;, exists since every 
blue K3 must include vertex v along with one vertex from each of the red K,,_1- 
subgraphs. Only n — 1 such K3-subgraphs can be formed that have a single vertex 
in common. From this construction, it follows that r.(Pmn, Fy) >m+tn-—1. 

To prove the reverse inequality, consider a red/blue coloring of K2n—2 U 
K1.m+n—1 and let v be the center vertex for the missing star. Remove v and consider 
the resulting red/blue K2,—2. If this coloring avoids a red P,,, then choose paths 
P!, P?,..., P* in the underlying red subgraph Gp (i.e., the subgraph spanned by 
the red edges) as in Lemma 2.5 and let u be a leaf in P*. Since the order of the Gr 
is 2m — 2 and ared P,, is avoided, it follows that k > 2 and |V(P*)| <m-—l1. 
If |V(P*)| < LF — 1, then by Lemma 2.5, degg,(u) < LF] —-l<m-2.If 
La < |V(P*)| < m—1, then by Lemma 2.5, degg,(u) < Vir h\j=lem—2. 
It remains to be proven that there exists a blue Fy. 

Ifdegg,(u) < [FJ—1, then degg, (u) = 2m—3—([5]—1) = m+n—1, where 
Gz is the subgraph spanned by the blue edges. Since r( Pm, Can) = m+n —1 [31], 
NG, (u) contains a blue C2, from which a blue F,, can be formed with u serving as 
its central vertex. 

If degg, (u) = Led. then by Lemma 2.5, it follows that NG, (u) © V(P*) and 
Nog(u) # V(P*). So, |V(P*)| => [4] + 1. Since the order of Gr is 2m — 2, 
k = 2ork = 3. In the case k = 3, let P! = X1x2+++Xe, and P2 = Y1y2°** Veo, 
where ¢; = |V(P‘)|. Since P! is the longest red path in Gr, x;y; is blue fori = 
1,2,...,m, producing a blue F;, with central vertex u. 

Now consider the case k = 2. Since Gr does not contain a red P™, €) = 
f. = m — 1 and the edges between P! and P? must all be blue. Reintroduce 
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the vertex v (and the m + n — 1 edges joining it to the red/blue K2,,—2). If v 
joins to at least one vertex in P! and at least one vertex in P* via red edges, 
then a red P” is formed. So, without loss of generality, assume that v is adjacent 
to P? via only blue edges. Since v is adjacent to at least m vertices in P! for 
i = 1,2, v must join to P ! via at least one red edge, otherwise, there is a blue 
F, with central vertex v. If {x1,x2,...,x¢,} induces a red Cj,—1, then including 
the vertex v, ared Py», is formed. So, assume that {x1, x2,..., xe, } does not induce 
a red Cm—1. Since r(Cm, Kin) = m [58], {x1, x2,..., Xe,} induces a blue Kj». 
Including any m vertices from {y1, y2,..., ye} forms a blue F;,. Thus, it follows 
that r.(Pn, Fr) <m+n-—1. oO 


For n > 2, it was shown in [59] that r(K3, F,) = 4n + 1. The lower bound for 
this Ramsey number is achieved from a class of graphs, which we will denote by G. 
In order to describe the graphs in G, begin with a blue copy of 2K2, and let M; be 
the graph spanned by k independent edges, each of which joins vertices in different 
copies of K2,. Here, we allow 0 < k < 2n, with k = 0 corresponding with the 
empty set. Coloring the edges in M, blue and all remaining edges red produces a 
red/blue coloring of K4, with red subgraph isomorphic to K2y,2, — E(M;) and blue 
subgraph containing all of the edges in E(2K2,) U E(Mx) (see Fig. 2.26). The red 
subgraph is bipartite, preventing the existence of a red K3. Within the blue subgraph, 
observe that if the center vertex of a blue fan is contained in one of the copies of 
Kn, then all of its vertices must be contained in the same copy of K2,, since the blue 
joining edges (when they exist) form a matching. As there are not enough vertices 
in a K2, to contain an F,, no blue F;, exists. In the following theorem, it is shown 
that the critical colorings for (K3, F;,) are precisely those in G. 


Theorem 2.41 ((66]) For all n > 2, the critical colorings for (K3, Fy) are all in 
class G. 


Proof Consider a critical coloring for (K3, F,), which necessarily is a red/blue 
coloring of Ka,. If the blue subgraph Gg contains a blue K2,, then let ab be a 
red edge in which neither a nor b is contained in the blue K2,. If any two edges 
from a to the blue K2, are blue, then a blue F,, can be formed with ab being one 
of the edges in the matching n K2 of F, = K, +nKz2. The same is true for b, and 
it follows that each of a and b must be incident with at least 2n — 1 red edges to 
the blue K2,. Since n > 2, by the pigeonhole principle there exists some vertex c 
in the blue K2, in which the subgraph induced by {a, b, c} is a red K3. Since this 


Fig. 2.26 A red/blue 
coloring of K4, that lacks a 
red K3 and a blue F,, 
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is avoided, we find that no such edge ab can be red, and Gg must actually contain 
a blue 2K2,. So, if we can argue that a critical coloring contains a blue K2,, it will 
follow that it contains a blue 2K2,. 

Let x denote a vertex in a critical red/blue coloring for (K3, F;,) and consider the 
subgraph G’, induced by Nr(x) in Gg. Since no red K3 exists, G’, is a complete 
blue subgraph. In order to avoid a blue F,, degp(x) < 2n, from which it follows 
that degp(x) > 2n — 1. On the other hand, r(K3,nK2) = 2n + | (e.g., see [69]) 
implies the upper bound to 


2n — | < degp(x) < 2n. 


If 6(Gg) = 2n — | and y is a vertex of blue degree 2n — 1, then |Nr(y)| = 2” and 
r(K2, Kay) = 2n implies that there exists a blue Ky. 

Now assume that Gg is 2n-regular (i.e., every vertex in Gg has degree equal to 
2n). For any vertex x, degz(x) = 2n and r(K3,nK2) = 2n + 1 implies that the 
subgraph induced by Ng (x) is a critical coloring for (K3,nK2). By Theorem 2.36, 
its blue subgraph must be isomorphic to one of K2j;41 U K2n—(2i+1), for some i € 
{0,1,2,..., [$]}. If = 2, then the blue subgraph induced by Ng (x) is isomorphic 
to K, U K3. We claim that for all n > 3, it is isomorphic to Ki U K2,_1. Suppose 
false, then it is K2j41 U Kan—(2i+1) for some i € Me Diyas 5 [Fl \. Let X denote the 
blue K2;41, Y denote the blue K2,—(2i+1), and Z denote the subgraph induced by 
Nr(x). Then Z is a blue K2,_1. For any vertex u € X, degz(u) = 2n implies that 
u has 2i + 1 blue neighbors in X U {x} and no neighbors in Y. So, u has exactly 
2n — (2i + 1) blue neighbors in Z. Since 


Qr- = —o =) Sa = 2, 


there is at least one vertex v in Z that is not a blue neighbor of u (see Fig. 2.27). 
Since n > 3, Y has at least 3 vertices, at most two of which are blue neighbors of 
v. Thus, there exists a vertex w in Y such that the subgraph induced by {u, v, w} 
is a red K3, giving a contradiction. So, the blue subgraph induced by Ng(x) is a 
K, U K2n_-1, which along with x, contains a blue K2,. 


Fig. 2.27 A critical coloring 
for (K3, Fn) 
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It has been shown that every member of G contains a blue subgraph isomorphic 
to K2,, and hence, to 2K2,. So, the edge set for Gg has the form E(2K2,) U H, 
where H consists of edges in a subgraph of K2y,27. Since no red K3 or blue F, 
exists, the maximum degree of any vertex in H is at most 1. The only possibilities 
are that H contains no edges or is isomorphic to My, for some 1 < k < 2n. oO 


Theorem 2.42 ([66]) [fn > 2, then r,(K3, Fy) = 2n +2. 


Proof One can easily confirm that F, is 3-good. So, Theorem 1.3 implies that 
rx(K3, Fn) > 2n + 2. We also provide an explicit construction demonstrating this 
bound. First, consider the graph in G that corresponds with k = 0. That is, consider 
the red/blue coloring of K4, formed by replacing the vertices in a red K2 with blue 
copies of K2,. As we have already seen, this is a critical coloring for (K3, F,). Add 
in a vertex v and connect it to one copy of K2,, with all red edges, and the other copy 
with a single blue edge. The resulting red/blue coloring of K4n, LU K1,2n41 avoids a 
red K3 and a blue F;, (see Fig. 2.28). 

To prove the reverse inequality, consider a red/blue coloring of K4n U K1,2n+2 
and let v be the center vertex for the removed star. Upon deleting v, if the resulting 
Kan lacks a red K3 and a blue F;, then it must be in G by Theorem 2.41. The blue 
subgraph of this K4, contains two vertex-disjoint copies of blue K2,-subgraphs, 
which we denote by X and Y. Denote their vertex sets by {x1, x2,...,X2,} and 
{Y1, Y2,---5 Yan}, respectively. If v is adjacent to any two vertices in X (or Y) via 
blue edges, then a blue F;, is formed. So, assume v is adjacent to at most one vertex 
in X and at most one vertex in Y via blue edges. Of the remaining 2n — 1 vertices in 
X and 2n — | vertices in Y, v connects to 2 of them. So, there exist at least two red 
edges between v and one of X and Y (say, X), and at least one red edge between v 
and Y. Without loss of generality, suppose that vx;, vx2, and vy; are red. Since the 
Kan came from G, it follows that at most one of x; y; and x2 y; is blue. Without loss 
of generality, suppose that x;y; is red. Then the subgraph induced by {v, x1, y1} is 
ared K3, from which it follows that r,.(K3, F,) < 2n + 2. oO 


Fig. 2.28 A red/blue 
coloring of K4n U K1,2n+1 
that avoids ared K3 anda 
blue F, 
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In [85], it was proved that for all n > 4, 
r(K4, F,) = 6n + 1. 


The following theorem includes a useful property possessed by the critical colorings 
for (Ka, F;,). Its proof is rather involved (following from Lemma 12 and Proposi- 
tions 7, 9, and 10 of [40]), so we refrain from including it here. 


Theorem 2.43 ({40]) For all n > 4, every red/blue coloring of K6n that avoids a 
red K4 and a blue F,, necessarily contains a blue 3 K2y. 


Theorem 2.44 ([40]) Ifn > 4, thenr,(K4, F,) = 4n +2. 


Proof To prove the lower bound for r,(K4, F,), we must provide a red blue coloring 
of Koy, U Kj ,4n+41 that does not contain a red K4 or a blue F,,. Begin with a red K3 
in which every vertex is replaced by a blue K2,. Introduce a vertex v, joining it with 
red edges to all of the vertices in two of the copies of K2,. Join v to the third copy 
of K2, with a single blue edge to one of its vertices (see Fig. 2.29). The resulting 
red/blue coloring of Keg, U K1,4n41 avoids a red K4 since such a subgraph would 
require a single vertex from each of the blue K,,-subgraphs, along with v. It also 
avoids a blue F, since v is not included in any such graph (it has blue degree 1) 
and there are not enough vertices in the blue K2,-subgraphs to produce a blue F;,. 
It follows that r,(K4, F,) > 4n + 2. Note that this lower abound also follows from 
observing that F,, is 4-good and applying Theorem 1.3. 

To prove the reverse inequality, consider a red/blue coloring of K6én, U Kj ,4n+2 
and let w be the center vertex for its missing star (i.e., w is he vertex of degree 
4n + 2. Removing w results in a red/blue coloring of K6, that, if a red K4 and 
a blue F,, are avoided, must contain a blue 3K2 by Theorem 2.43.If a blue F,, is 
avoided, the only blue edges that can interconnect two distinct blue K,,-subgraphs 
must form a matching. Denote by My, the graph spanned by k; independent edges, 
each of which spans a different pair of blue K2, subgraphs, where the pair chosen 
corresponds withi € {1, 2, 3}. Here, we allow 0 < k; < 2n for eachi. The colorings 


Fig. 2.29 A red/blue 
coloring of K6, U K1,4n+1 
that avoids ared K4 anda 
blue F,, 
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Fig. 2.30 A red/blue xX 
2 


coloring of K6, U K1,4n+2 X3 


xy 


in Crit(K4, F,) are precisely the colorings of K¢, in which the subgraphs spanned 
by the blue edges have edge sets given by 


E(3K2n) U E(Mx,) U E(Mi,) U E(Mx;). 


The subgraphs spanned by their red edges are all subgraphs of the complete 3-partite 
graph Ky 2n,2n- 

Denote the three blue K2,-subgraphs by X1, X2, and X3. In order to avoid a blue 
F,, w is joined by at most one blue edge to each X;. Suppose that w is joined by j; 
red edges to X; and assume that j; < j2 < j3. If j3 < 3, then w is incident with at 
most 9 < 4n + 2 edges. If jz < 2, then w is incident with at most 2n + 4 < 4n +2 
edges. If jj < 1, then w is incident with at most 4n + 1 < 4n + 2 edges. In all 
three cases, we reach a contradiction. Hence, j; > 1, j2 > 2, and j3 > 3. Denote 
by Ni.(w) the red neighborhood of w in X;. Let uy € Np(w), u2,u3 € NR(w), and 
U4, Us5,u6 € N 2 (w), where the six vertices listed are assumed to be distinct (see 
Fig. 2.30). If a blue F;, is to be avoided, then uw joins to the vertices in {u2, u3} using 
at most one blue edge. Without loss of generality, assume that wuz is red. Similarly, 
uz joins to the vertices in {u4, v5, ue} using at most one blue edge. Without loss 
of generality, assume that uw2u4 and u2us5 are red. Finally, uw; joins to the vertices 
in {u4, U5} using at most one blue edge. Assuming that u;uq4 is red, the subgraph 
induced by {w, uj, u2, u4} is ared K4. Therefore, r,.(K4, Fy) < 4n +2. oO 


2.7 Books 


Recall the definition of the book B, := Kz + nK ,. In the case where n = 2, 
By = K4 — e and Theorem 2.13 is equivalent to r,(P4, Bo) = 4. The following 
theorem also involves the book Bo. 
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Fig. 2.31 A red/blue 
coloring of K7 — E(K,2) that 
lacks ared Bo anda blue K3 
(and hence, a blue K;.3 + e) 


Theorem 2.45 ([5]) r.(B2, K3) =5. 


Proof In [22], it was shown that r(B2, K3) = 7, from which it follows that Bo is 
3-good. Thus, Theorem 1.3 implies that r,.(B2, K3) => 5 (also, see Fig. 2.31). To 
prove that r,.(B2, K3) <5, we must argue that every 2-coloring of K7 — e contains 
ared Bp ora blue K3. Consider an arbitrary red/blue coloring of the edges of K7 — e 
and denote by a and b the vertices of the missing edge. Removing vertex b produces 
a 2-coloring of Ke, which must contain a red K3 or a blue K3 since r(K3, K3) = 6 
[37]. In the latter case, we are done, so assume there is a red K3. 


Case 1 Suppose that a is not one of the vertices in the red K3. Label the vertices 
in the red K3 by x, y,z and the other vertices a,b,c,d. If any of a,b,c,d 
is adjacent via two or more red edges to {x, y, z}, then a red By is formed. 
Otherwise, each of a, b, c, d is adjacent via at least two blue edges to {x, y, z}. 
If the subgraph induced by {a, b, c, d} is not a red Bo, then at least one of its 
edges is blue. Without loss of generality, suppose that ac is blue. Then a and 
c are each adjacent via at least two blue edges to {x, y, z}. By the pigeonhole 
principle, there is a vertex, say x, in which ax and cx are both blue, forcing the 
subgraph induced by {a, c, x} to be a blue K3. 

Case 2 Suppose that a is one of the vertices in the red K3. Label the other two 
vertices in the red K3 by x and y and label the other vertices b,c, d, e. If any 
of b,c,d,e is adjacent via two or more red edges to {a, x, y}, then a red Bp 
is formed. Otherwise, each of c,d,e is adjacent via at least two blue edges 
to {a, x, y}. If any edge in the subgraph induced by {c, d, e} is blue, then the 
pigeonhole principle can again be used to argue the existence of a blue K3. So, 
assume that the subgraph induced by {c, d, e} is a red K3. Then at least two of 
the edges bc, bd, and be are blue (otherwise, the subgraph induced by {b, c, d, e} 
contains a red Bz). Without loss of generality, suppose that bc and bd are blue. If 
b is adjacent via red edges to both x and y, then a red By is formed. So, assume 
that one such edge, say bx, is blue. If either cx or dx is blue, then including b, we 
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obtain a blue K3. If they are both red, then the subgraph induced by {x, c, d, e} 
contains ared Bo. 


In both cases, we find that a 2-colored K7 — e contains a red Bp or a blue K3. It 
follows that r,(B2, K3) <5. oO 


Denote by K1,3+e the graph formed by adding an edge between two nonadjacent 
vertices in Kj,3. It is isomorphic to K3 LU K1,1. Chvatal and Harary [22] proved that 


r(Bo, Ki3 +e) =7. 


With this Ramsey number comes an interesting phenomenon: K 1,3 + e is B2-good 
and Bo is (K1,3 + e)-good. Theorem 1.3 implies that that r,.(B2, K1,3 +e) > 4 in 
the first case and r,(B2, K1,3 + e) = 5 in the second case. The second implication 
is stronger and the following theorem shows this bound to be exact. 


Theorem 2.46 ([5]) 7,(B2, Ki3 +e) =5. 


Proof As mentioned above, r,(B2, K1,3 + e) > 5. This lower bound also follows 
from Fig. 2.31. Consider a red/blue coloring of K6 LI K1,5 and denote the vertices of 
the missing edge by a and b. By Theorem 2.45, this coloring contains a red Bz or 
a blue K3. Assume the latter case, and consider two cases, based on whether or not 
the missing edge is incident with a vertex in the blue K3. Note that it is not possible 
for both a and b to be in the blue K3, since they are the vertices that make up the 
missing edge. 


Case 1 Suppose that neither a nor b are contained in the blue K3. Denote the 
vertices in the K3 by x, y, and z and the other two vertices by c and d. If any edge 
joining {x, y, z} to {a, b, c, d} is blue, then a blue K1,3+e is formed. Assume that 
all such edges are red. If any edge (other than the missing edge) in the subgraph 
induced by {a, b, c, d} is red, then a red Bz is formed. Otherwise, all such edges 
are blue, and a blue K,.3 + e is formed. 

Case 2. Assume that one of a and b, say a, is in the blue K3. Denote the vertices 
of the blue K3 by a, x, and y and the other vertices by b, c, d, and e. Other than 
the missing edge, if any edge joining {a, x, y} to {b, c, d, e} is blue, then a blue 
K,3 + e is formed. So, assume that all such edges are red. If a red Bo is to be 
avoided, then the subgraph induced by {b, c, d, e} must acontain a blue K1,3 +e. 
In both cases, a red/blue coloring of K6 L! K1,5 is shown to contain a red Bp ora 
blue K13 +. 


It follows that r,,(B2, K1,3 +e) <5. oO 
In 1978, Rousseau and Sheehan [80] proved that if m,n € N satisfy m > 


then r(Pm, Bn) = 2m — 1. Wang et al. [88] used this result in 2021 to prove the 
following theorem. 


6n+7 
> 


Theorem 2.47 ([88]) [fn > 4 and m > 2n, thenr,(Pm, Bn) = m. 


Proof For the lower bound, begin by replacing the vertices in a blue K2 with copies 
of red K,,—1-subgraphs. Introduce a vertex v and join it to the red/blue K2,,_2 using 
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m — | edges, all colored blue and connected to the same underlying red K,,—-1. The 
resulting red/blue K2,—2 U K1,m—1 avoids ared P,, since the largest red component 
has order m — 1. It also avoids a blue K3, preventing the existence of a blue B,. It 
follows that rx(Pm, Bn) => m. Note that since P,, is By-good, this inequality also 
follows from Theorem 1.3. 

To prove the upper bound, consider a red/blue coloring of K2_,—2 U Ki, and 
let v denote the center vertex for the missing star. Removing v results in a red/blue 
coloring of K2—2, which we assume avoids a red P,, and a blue B,. Let P denote 
a path of maximal length in the K2,,-2, with vertices given by x1x2--- xx, where 
2<k<m-—1.Let X = {xj,x2,..., x} and let Y consist of the vertices in the 
Kom—z2 that are not in X. As P has maximal length, for every u € Y, ux, and ux, 
must be blue. Since |Y| = 2m —1—k > m-—1>7n, the edge x;x; must be red in 
order to avoid a blue B,. So, x1x2--++x%x1 forms a red cycle Cx of length k. Since 
any two consecutive vertices in the C; can be viewed as the end-vertices of a path 
of order k, all edges joining X to Y must be blue, otherwise a red path with length 
greater than k can be formed. In order to avoid a blue B,, the subgraph induced by 
X must be ared Kx. 

Suppose that 2 < k <n — 1. Since |Y| = 2m — k — 1 and 


r(PiQm—k-1)/2|, Bu-k) < 2m —k —2 
(see [80]), ¥ contains a red P)2m—k-1)/2| or a blue B,_,. In the latter case, the blue 
Byn—x, along with the vertices in X, forms a blue B,, contradicting the assumption 


that the red/blue K2n —2 is a critical coloring for (Pm, By). In the former case, there 
exists a red P|(2m—k—1)/2]- Since 


>k+1, 


2m—k—1 2m —k—2 
>| 


this red path has length longer than that of P, contradicting the assumption that P 
has maximal length. It follows that |X| > n, which forces Y is be a complete red 
graph in order to avoid a blue B,. In order for Y to lack a red Py, |Y| < m — 1. 
Then |X| < m — 1 implies that |X| + |Y| = 2m — 2 and |X| = |Y| =m — 1. The 
only critical coloring of K2,—2 with this structure must have red subgraph 2Kj,— 
and blue subgraph Kj)—1,m-1. 

Reintroducing v, and the m edges joining v to the K2,—2, all such edges must be 
blue if a red P,, is to be avoided. Also, v must be adjacent to at least FI vertices 
in one of the red complete graphs and adjacent to at least one vertex in the other red 
complete graph. Since ia > n (it is assumed that m > 2n), there exists a blue B,. 
It follows that r.( Pm, Bn) < m. oO 


For any m,n € N satisfying m > 3n — 3 and any tree T,, of order m, Erdés et al. 
[29] proved that 


r(TIm, Bn) = 2m — 1. 
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Building off of this Ramsey number, Wang et al. [87] proved that whenever m > 3n, 
rx(Im, Bn) = m. Their proof involved an algorithmic process and falls outside of 
the scope of this text. In the following theorem, this result is proved for the case 
where the tree being considered is a star. 


Theorem 2.48 ((87]) For allm,n € N such thatm > 3n—1, rz(K1.m—1, Bn) = m. 


Proof The lower bound follows from Theorem 1.5. Alternately, consider replacing 
the vertices in a blue K2 with red K,,_\-subgraphs. Introduce a vertex v, joining it 
via blue edges to the vertices in one of the K,,_1-subgraphs. The edges joining the 
other K,,—1-subgraph are the missing edges, resulting in Fig. 2.32. The largest red 
component has order m — 1, from which it follows that a red K1,—1 is avoided. 
No blue K3-subgraph exists, from which it follows that a blue B, is avoided. This 
construction gives the lower bound rx.(K1,m—1, Bn) =m. 

To prove the reverse inequality, consider a red/blue coloring of K2—2UK1,m and 
let v be the center vertex of the missing star. Remove v and assume that the resulting 
Kom—2 avoids a red Kj,)—1 and a blue B,. Denote by G this red/blue coloring of 
K2m—2 and let Gr and Gg be the subgraphs spanned by the red edges and blue 
edges, respectively. Then every vertex x in G satisfies 


degg, (x) = 2m —3—-(m—-2)=m-—1. 


Select a vertex x. The remainder of the proof in separated into cases based on 
whether or not the subgraph of Gg induced by the neighborhood Ng, (x) contains 
a blue edge. 


Case 1 Suppose that the subgraph of Gg induced by NG, (x) contains a blue edge. 
Then Gz contains a blue K3, whose vertex set we denote by {x, y, z}. Let 


X := NG g(x) — {y, Zz}, Y = NGg(y) — x} U Neg ()), 


and 


Fig. 2.32 A red/blue 
coloring of K2,—2 U K1,m-1 
that lacks a red Ky ,—-, anda 
blue By 
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Z := NGg(2) — (NGg (x) U Nag (y))- 


As every vertex in Gg has degree at least m — 1, it follows that |X| > m — 3. 
If a blue B, is avoided, then |Y| > (m — 3) — (n — 2) = m —n — 1, and 
|Z| > (m — 3) — 2(n — 2) =m — 2n + 1. Then the order of G satisfies 


|V(G)| = 2m —2> [{x, y,z}UXUYUZ| 
= 34+ (m—3)+ (m—n—1)+ (m—2n +1) 


> 3m — 3n, 


which is equivalent to m < 3n — 2. This contradicts the assumption that m > 
3n — 1, preventing this case from occurring. 

Case 2 Suppose that the subgraph of Gg induced by NG, (x) is a red complete 

graph. Since |NgG,(x)| = degg, (x) > m — 1, if no red Kj ,—1 is contained in 
G, then |NG, (x)| = m — 1. Now choose a vertex y € Ng, (x) and consider the 
neighborhood Ng, (y). Then |NG,(y)| = degg, (y) => m—1, and if the subgraph 
induced by NG, (y) contains a blue edge, the proof follows the argument given 
in Case |. So, the subgraph induced by NG, (y) is ared complete graph. If a red 
K\,m—1 is avoided, then |NG,(y)| = m — 1. It follows that Gr = 2Kj,—, and 
Gg = Km-1,m-1. 
If any red edge joins v to G, then a red Kj is formed with that edge and the red 
Ky—1 that joins to v. So all m edges joining v to G must be blue. At least [+] 
vertices in one red K,,—1 must join to v via blue edges and at least one vertex in 
the other red K,,—1 must join to v via a blue edge. Since [FI > n follows from 
the assumption that m > 3n — 1, a blue B, is formed. 


It follows that r.(K1,m—1, Bn) < m. Oo 


This section is concluded with two theorems about the general behavior of certain 
star-critical Ramsey numbers involving books. 


Theorem 2.49 ([64]) For all sufficiently large n, 


2m ift<m<n 


GH ag a 


10n 

“O° 

Theorem 2.50 ((61]) There exists a constant c > 0 such that 
rx(Bn, Bn) = (Bn, Bn) — 1 —n+clognloglogn 


for infinitely-many values of n. 
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In this section, generalizations of the fan F, = K,-+nK2 and book B, = K2+nk, 
are considered. Recalling that the graph K 3 + e is formed by adding an edge 
between two nonadjacent vertices in K 1,3, it can also be described by K; + (K2 U 
Kj). In this sense, K1,3 + e can be considered a generalized fan. The following is 
Theorem 3.4 of [5]. 


Theorem 2.51 ((5]) rx(K1,3 +e, K3) =4. 


Proof It was shown in [22] that r(K1,3 + e, K3) = 7. It follows that K,3 + e is 
3-good and Theorem |.3 implies that r,(K1,3 + e, K3) > 4 (also, see Fig. 2.5). It 
remains to be shown that every red/blue coloring of the edges of K6 Li K1,4 contains 
ared K;,3 + e ora blue K3. 

Consider a red/blue coloring of Kg L! K1,4 and denote by a the vertex that is 
incident with the two missing edges. Removing a produces a red/blue coloring of 
Ke, which necessarily contains a monochromatic K3 (since r(K3, K3,) = 6). If 
there is a blue K3, we are done, so assume there exists a red K3 with vertices b, c, 
and d. Label the three remaining vertices e, f, and g. If any edge joining the sets 
{b, c, d} and {a, e, f, g} is red, then a red K, 3 + e is formed. So, assume that all 
such edges are blue. Figure 2.33 shows the three cases resulting from the possible 
locations of the red K3 relative to the missing K1 2. 

In all three cases, observe that if any edge in the subgraph induced by {a, e, f, g} 
is blue, then a blue K3 is formed by using that edge and the edges connecting it to 
vertex d. Otherwise, all such edges are red (other than those included in the missing 
K1,2) and ared K1,3 + e is formed. It follows that r.(K1,3 + e, K3) < 4. oO 


For all n > 1 and t > 2, define the generalized fan F;, := K, + nK;. 
The case f = 2 corresponds with the usual fan F,. In [42], Hao and Lin proved 
that r(K3, F3,,) = 6n + 1 and determined the corresponding star-critical Ramsey 
number. The following theorem will be necessary for the evaluation of r,.(K3, F3,n). 


Fig. 2.33 Three cases showing the location of a red K3 relative to a missing K,,2 in a red/blue 
coloring of Kg U K1,4 
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Theorem 2.52 ([42]) For all n > 4, the critical colorings for (K3, F3,) are 
red/blue colorings of K6n in which the subgraph spanned by the blue edges contains 
2K3, as a subgraph. 


Proof Consider a critical coloring of (K3, F3,) (i.e., a red/blue coloring of Kén 
that avoids a red K3 and a blue F3,,) with vertex set V. If any vertex u € V has blue 
degree degz(u) > 3n + 2, then r(K3,nK3) = 3n + 2 [13] implies that there is a 
red K3 or a blue F3,,, (formed by the join of u and the blue n K3), contradicting the 
assumption that we are considering a critical coloring. So, degg(u) < 3n + 1 for 
all u, which implies that the red degree of every vertex u € V satisfies degp(u) > 
3n — 2. Since no red K3 exists in this coloring, the red neighborhood Nr (u) induces 
a complete blue subgraph of order at least 3n — 2, which we call X,. Now, let v 
be a vertex in X;. Since degp(v) > 3n — 2, and Nr(v) does not contain any of 
the vertices in X1, the neighborhood Nr(v) induces a complete blue subgraph of 
order at least 3n — 2, which we denote by X2. Thus, the blue graph Gg contains a 
subgraph isomorphic to 2K3,_2. 

Let {w,x, y,z} GC V — (Xj U X2). We claim that every vertex in {w, x, y, z} 
is blue-adjacent to every vertex in either X; or X2. Suppose false, then assume 
without loss of generality that w is adjacent tou € X,; and v € X2 via red edges. If 
uj, U2 € Xj, are also joined to w via red edges, then vu, vu;, and vu2 cannot all be 
blue (otherwise, X2 U {u, v1, v2} contains a blue F3,,). At least one of them must be 
red, say vu, and the subgraph induced by {u, v, w} is ared K3. Thus, w is adjacent 
to at most two vertices in X; via red edges. So, w is joined to at least 3n — 4 vertices 
in X, using blue edges. The same is true for X2. So, the blue neighborhood of w in 
X, contains a blue (n — 2)K3 and the blue neighborhood of w in X2 contains two 
disjoint triangles, together forming a blue F3,,. This contradiction implies that w 
must join to either X; or X2 using only blue edges, and the claim is proved. 

So, every vertex in {w, x, y, z} is blue-adjacent to every vertex in either X; or 
X2. If at least three of them are blue-adjacent to all vertices in the same X;, then a 
blue F3, is produced. Now, assume that two of the vertices, say w and x, are blue- 
adjacent to all vertices in X; and y and z are blue-adjacent to all vertices in X2. 
If w joins to at least three vertices in X2 via blue edges, then these three vertices, 
along with w and X2 form a blue F3,,,. So, w joins to at most two vertices in X2 via 
blue edges. The same is true for x, and it follows that w and x must have a common 
neighbor via red edges in X. If wx is red, then ared K3 is produced. Otherwise, wx 
is blue and X; U{w, x} forms a blue K3,,. A similar argument implies that X2Uf{y, z} 
forms a blue K3,. oO 


Theorem 2.53 ([42]) Foralln > 4, rx(K3, F3,n) = 3n + 3. 


Proof Observe that since r(K3, F3,n) = 6n + 1, the fan F3,, is 3-good, and 
Theorem 1.3 implies that r,.(K3, F3,n) => 3n + 3. This lower bound can also be 
achieved by replacing the vertices in a red K2 with blue K3,,-subgraphs. A vertex uv 
can then join to all vertices in one K3, via red edges and exactly two vertices in the 
other K3,, via blue edges. The remaining 3 — 2 edges joining v to the second copy 
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Fig. 2.34 A red/blue 
coloring of K6, U K1,3n+2 
that avoids ared K3 anda 
blue F3 , 


of K3, are the missing edges and a red/blue Kg, U K1,3n+2 1s formed that lacks a 
red K3 and a blue F3 ,, (see Fig. 2.34). 

To prove the reverse inequality, consider a red/blue coloring of K6n Ul K1,3n+43 
where v is the center vertex for the missing star. Removing v produces a red/blue 
Kon. If a red K3 and a blue F3,, are to be avoided, then by Theorem 2.52, it must 
contain 2K3,, as a blue subgraph. Denote the two blue K3,,-subgraphs by X; and X2. 
Since v is incident with 3n + 3 edges, it must be adjacent to at least three vertices in 
each of X; and X2. Also, note that v must be adjacent to at least five vertices in one 
of X; and X2. Without loss of generality, assume that v is adjacent to at least five 
vertices in Xj. 

Let x1, x2, x3, x4, and xs be vertices in X; and y;, y2, and y3 be vertices in X9, all 
eight of which are adjacent to v. If v has at least three blue neighbors in Xj, then a 
blue F3_, is formed, so v joins to vertices in Xj via at most two blue edges. Without 
loss of generality, assume that vx1, vx2, and vx3 are red. Similarly, v joins to at most 
two vertices in X2 via blue edges. Without loss of generality, assume that vy, is red. 
Now yj joins to X; using at most two blue edges. It follows that one of x1 y1, x21, 
or x3, must be red, forming a red K3. It follows that r,.(K3, F3,n) < 3n +3. oO 


In [43], Hao and Lin proved the following result for sufficiently large n, which 
agrees with the m = t = 3 case of the star-critical Ramsey number proved in 
Theorem 2.53. 


Theorem 2.54 ([43]) For any fixed integers m > 3 and t > 2, there exists an 
no € N such that 


rx (Kin, Fin) =(m—2)tn+t, 


foralln > no. 


Further generalizing the concept of a generalized fan, for a graph H andn > 2, 
let Fyn := Ki +nH. Then Fx,.n = Fin. Hamm et al. [41] proved the following 
theorem. 
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Theorem 2.55 ([41]) Suppose that H is a graph of order h. Letm > 3,n > 1, and 
t satisfy 


(m — 1) 
m 


hn = max | (m+ 1)(m-+ CCFL, m) +) +3, - 


(a — Im —1)+ m ; 


where C(H, m) is a constant depending only on H and m. Then 
Vs(FHt,,0Km) = ht(m — 2) +n + (A). 


Define the generalized book B,(n) := Ky, +n. Such books were considered 
in Hao and Lin’s 2018 paper [43]. They proved the following asymptotic result. 


Theorem 2.56 ([43]) For fixed m > 3 and p > 2, 
rx(Kin, By(n)) = (m—2+0(1))n, 


asn > &. 


Li et al. [62] considered the case of a cycle versus a generalized book and proved 
the following theorem, for values of n sufficiently large. 


Theorem 2.57 ([62]) Letk, p € N. [fn is large, then 
re (Corti, Byp(2)) = r(Cor+1, Bp(n)) — 1. 
Additional results of this nature, describing the asymptotic behavior of star- 
critical Ramsey numbers involving generalizations of fans and books were further 


considered in a sequence of papers by Li et al. (see [62, 63], and [65]). We conclude 
this section by stating their main results. 


Theorem 2.58 ([62]) Let G be a graph and k €N. Ifn is large, then 
rx(Cap41, Ki +nG) = r(Cre41, Ki +nG) — |V(G)|n + 6(G). 
Theorem 2.59 ((63]) For graphs G, and G2, ifn is large, then 
r.(K2 + G1, Ki +nG2) = r(K2 + G1, Ki +nG2) — |V(G2)|n + 5(G2). 
Theorem 2.60 ((65]) Suppose that m € N is fixed. Then for all graphs G, 
rx(Fin, Ky +0G) =r(Fin, Ki +nG) —1— (1 +0(1))|V(G)|n, 


asn —> &. 


Recall that Kx(m) denotes the complete k-partite graph with m vertices in each 
partite set. 
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Theorem 2.61 ([65]) Letk > 2 andm > | be fixed integers. For a given graph G, 
if m is odd, or if m is even and |V(G)|n is odd, then 


ry(K, + Kx(m), Ky +nG) = r(K, + Kx(m), Ki +nG) —1—(1+0(1))|V(G)|n, 


asn > &. 


Chapter 3 m) 
Generalizations of Star-Critical Ramsey ois 
Numbers 


3.1 Star-Critical Gallai-Ramsey Numbers 


Motivated by Gallai’s foundational work! on transitively orientated graphs [33], 
Gyarfas and Simonyi [39] defined a Gallai t-coloring of a graph G to be a map 
c: E(G) — {1,2,..., ¢} that lacks rainbow triangles. That is, 


I{c(xy), c(yz), c(xz)}| < 2 


for all x, y,z € V(G). Observe that when t < 2, every f-coloring is a Gallai 
t-coloring. The Gallai-Ramsey number gr(G 1, G2,..., G+) is defined to be the 
least natural number p such that every Gallai t-coloring of K, contains a subgraph 
isomorphic to G; in color i, for some | < i < tf. The reader interested in learning 
about Gallai-Ramsey theory is encouraged to consult the text by Magnant and Salehi 
Nowbandegani [71]. The following structural result for Gallai colorings can be 


found in [39] and is a reinterpretation of Gallai’s original result in [33]. 


Theorem 3.1 ([39]) Every Gallai-colored complete graph can be obtained by sub- 
stituting Gallai-colored complete graphs into the vertices of a 2-colored complete 
graph of order at least 2. 


In this theorem, the 2-colored complete graph is called the base graph of the 
Gallai coloring and the Gallai-colored complete graphs that are substituted into each 
vertex in the base graph are called the blocks of the Gallai coloring. One often 
chooses the base graph B of a Gallai-colored complete graph to have minimal order 
n. In this case, note that n 4 3 since one of the vertices in B is forced to be incident 
with edges using only one color. Call this vertex x. One can then form a Gallai 


' An English translation of Gallai’s paper [33] can be found in the book Perfect Graphs, by 
Ramirez-Alfonsin and Reed [78]. 
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partition with a base graph isomorphic to K2 by viewing the subgraph joining the 
other two vertices of B into a single vertex. 
In 2022, Su and Liu [84] extended the star-critical concept to Gallai-Ramsey 


theory. The star-citical Gallai-Ramsey number grs(G,, G2,..., G+) is the least 
natural number k such that every Gallai t-coloring of Kgr(G,,G,....G)—1 U K1,k 
contains a copy of G; in colori, for some 1 <i < t. When G; = G2 =---=G;, 


we write gri(G,) for the corresponding t-color Gallai-Ramsey number. Observe 
that when f < 2, the star-critical Gallai-Ramsey number corresponds with the usual 
star-critical Ramsey number. In the special case where 


grx(G1, Go, ..., Gy) = gr(G1, Go,..., G;) — 1, 


we say that (G1, Go,..., G;) is Gallai-Ramsey-full. When G; = G2 =--: = G;, 
we Say that G, is Gallai-Ramsey-full. 

The proof of Theorem 1.1 easily extends to Gallai-Ramsey numbers, leading 
to the observation that collections of complete graphs are Gallai-Ramsey-full (cf. 
Theorem | in [84]). That is, for alln; > 2 and 1 <i <tf, 


gr (Kn,, Kangyo Kn,) = er(Kn,, Kny, +++ Kn,) -i1. 


This result and others led Su and Liu [84] to state the following conjecture (see 
Open Problem 5 in Sect. 4.1). 


Conjecture 3.1 ({84]) If G is a graph that does not contain any isolated vertices, 
then G is Ramsey-full if and only if G is Gallai-Ramsey-full. 


In 2010, Faudree et al. [30] proved that for all t > 2, 
gr’ (C4) =t +4. 


Su and Liu [84] proved that C4 is Gallai-Ramsey-full. 
Theorem 3.2 ([84]) For allt > 2, gri(C4) =t +3. 


Proof This theorem will follow from providing a Gallai t-coloring of K;+4 —e that 
avoids a monochromatic copy of C4. For tf = 2, begin by partitioning the edge set 
of Ks into two edge-disjoint cycles of length 5. Label its vertices x1, x2,...,x5 and 
suppose that x1x2x3x4x5x1 1s a Cs in color | and x1x3x5x2x4x1 is a C5 in color 2. 
Label this Gallai 2-coloring of K5 as G2. For t > 3, G; is formed by adding a vertex 
X+43 to G;_1 and assigning all edges joining x;,3 to G;_, the color ¢. For example, 
the coloring G4 is shown in Fig.3.1 with colors 1, 2, 3, and 4 given as red, blue, 
green, and orange, respectively. 

Given G;, introduce a vertex v. Color edges vx2 and vx3 with color | and edges 
vx; and vx4 with color 2. Edge uxs will be the missing edge. For 6 < i < t + 3, 
color edge vx; with color i — 3 (i.e., the same color that edges x;x; received, where 
j <i). This construction avoids rainbow triangles. The subgraphs of the resulting 
K,44 — e in colors | and 2 are both isomorphic to C5 with vertex v joining to two 
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Fig. 3.1 A Gallai 4-coloring 
of K7 that avoids a 
monochromatic C4 


O 
Y= 
©) 
Fig. 3.2, A Gallai 4-coloring 
of K¢ that avoids a X4 
monochromatic P4 
Xs 
X6 


adjacent vertices in the cycle, while the subgraphs in colors 3, 4, ..., ¢ are all stars. 
Hence, a monochromatic C4 is avoided and it follows that C4 is Gallai-Ramsey-full. 
oO 


Faudree et al. [30] also proved that for all t € N, 
er’ (P4) =t +3. 


Su and Liu [84] considered the corresponding star-critical Gallai-Ramsey number. 
Theorem 3.3 ([84]) For anyt € N, gri(P4) =t. 


Proof Begin by constructing a Gallai t-coloring of K;+2 that avoids a monochro- 
matic P4. Let x1, x2, x3 be the vertices of a K3 in color 1. Label this coloring G1. 
For t > 2, form G; by adding a vertex x;+2 to G;_ and assigning all edges joining 
X142 to G;_ 1 the color t. For example, the coloring G4 is shown in Fig. 3.2 with 
colors 1, 2, 3, and 4 given as red, blue, green, and orange, respectively. 

Given G;, introduce a vertex v. For each 4 < i < t+2, color edge vx; using color 
i — 2 and let vx;, vx2, and vx3 be the missing edges. The resulting K+42 U K1,;-1 
avoids rainbow triangles. Its subgraph spanned by edges in color 1 is a K3, while its 
subgraphs spanned by edges in colors 2, 3,..., ¢ are all stars. So, a monochromatic 
P4 is also avoided. It follows that grt (P4) >t. 
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To prove the reverse inequality, consider a Gallai t-coloring of K;+2 Ui Ky; and 
denote by v the center vertex for the missing star. If t = 1, then the monochromatic 
K3 U Ky, contains a P, in color 1. If t = 2, then the theorem follows from 
Theorem 2.2, where it was shown that r,(P4, P4) = 2. So, for the remainder of 
this proof, assume that t > 3. 

Delete vertex v and assume that the resulting Gallai t-coloring of K;+2 avoids 
a monochromatic Py. By Theorem 3.1, the vertices can be partitioned into sets 
X1, X2,..., Xq corresponding to the vertices in its 2-colored base graph. Further- 
more, assume that g > 2 is minimal with regard to this property and note that gq ¥ 3, 
as was noted earlier in this section. Since t + 2 > 5 vertices are contained in this 
complete graph, the Ramsey number r(P4, P4) = 5 [34] implies that g < 4. 

Ifq = 4, thent+2 > 5 vertices are partitioned into the four sets X1, X2, X3, X4, 
from which it follows that at least one of the sets, say X1 has cardinality at least 2. If 
any other set X;, where 2 <i < 4, has cardinality at least 2, then a monochromatic 
P4 can be formed using the edges joining X; and X;. The only other possibility is 
that |X;| = ¢ — 1 and |X2| = |X3| = |X4| = 1. Let x, y © X; and z € X; for 
2 <i <4. By the pigeonhole principle, at least two of z2, z3, z4 join to X; with the 
same color edges. Without loss of generality, assume that z2 and z3 both join to X 
with the same color edges. Then xz2yz3 is a monochromatic P4. 

Finally, assume that g = 2 and note that |X;| = ¢ + 1 and |X2| = 1. Ift = 3, 
then a monochromatic P4 is formed if the color of the edges that join X; and X2 
appears on any edge in the subgraph spanned by X,. So, this subgraph must be a 
2-colored K4. In order for it to avoid a monochromatic P4, the subgraph spanned 
by edges in one color must be a K 1,3 while the subgraph spanned by the other color 
must be a K3 (that is, it must be the coloring labeled G2). Now assume that for 
t > 4, every Gallai (t — 1) -coloring of K;+1 with base graph isomorphic to K2 
that avoids a monochromatic P4 is given by G;—; and contains a monochromatic 
triangle. Consider a Gallai t-coloring of K;2 with base graph isomorphic to K2 
that avoids a monochromatic P4. If the color that joins X; and X2 appears on any 
edge in the subgraph induced by Xj, then a Pq is formed in that color. Thus, X 
must be a Gallai (¢ — 1)-coloring of K;1, which contains a monochromatic K3 by 
the inductive hypothesis. It also follows that the coloring is given by G;. 

So, the critical Gallai t-coloring of K;+2 is given by G; with vertices given by 
X1,X2,...,Xr42 as described at the beginning of this proof. Reintroducing the vertex 
v, and the ¢ edges joining v to the Gallai t-coloring of K;+2, note that at least one 
such edge must join to {x1, x2, x3} (the K3 in color 1). Suppose that edge is vx1. 
If it receives color 1, then a monochromatic P4 is formed, so assume it receives 
some color i, where 2 <i < ¢. Then vx1xj+2x2 is a P4 in color 7. In all cases, a 
monochromatic P4 is formed, from which it follows that gr, (Ps) <t. oO 


Theorem 3.4 ((84]) For allt > 3, 


2m — 2 ifm > 12 is even 
OK _ ym = 
874(Kim) m ifm > 3 is odd. 
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Interestingly, the value of the star-critical Gallai-Ramsey number in Theorem 3.4 
does not depend upon the value of t. Su and Liu [84] also considered how other 
star-critical Gallai-Ramsey numbers grow relative to ¢, resulting in the following 
theorem. 


Theorem 3.5 ((84]) Let G be a graph that does not have any isolated vertices. If 
G is bipartite and not a star, then gr{.(G) is linear in t. If G is not bipartite, then 
gri.(G) is exponential in t. 


In 2021, Zhang et al. [94] considered Gallai-Ramsey numbers when the argu- 
ments are all copies of K3 or 2K3. Their work built off of constructions established 
by Chung and Graham [18] in 1983, where it was shown that for all t > 3, 


: sie 4 | if t is even 
gra) i: -50-D/2 4.1 if tis odd. 
In order to describe their construction, begin by letting G ; denote the 2-colored 
Ks in which the subgraph spanned by each of the two colors is a Cs (see the first 
image in Fig. 3.3). For each i > 2, define G; to be the 2i-colored Ks: formed by 
replacing each of the vertices in G;_; (which uses colors 1, 2,...,2i — 2) witha 
2-colored Ks in colors 2i — | and 2i in which each of the colors spans a subgraph 
isomorphic to C5. For example, G2 is shown as the second image in Fig. 3.3. The 
resulting 2i-colored K5; avoids a monochromatic K3. Letting f = 2/, it follows that 
gr! (K3) > 5'/2 + 1 when t is even. 

In the case where ¢ is odd, let t = 2i + 1 > 3. Form G;, by replacing each of 
the vertices in G; (which uses colors 1, 2,...,2i) with a K2 in color 2i + 1. For 


Fig. 3.3. A Gallai 2i-coloring of Ki that avoids a monochromatic K3, when i = 1, 2 


? Figures 3.3, 3.4, 3.5, and 3.6 are reproduced from [3] with permission from The Art of Discrete 
and Applied Mathematics. 
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Fig. 3.4 A Gallai 3-coloring 
of Ko that avoids a 
monochromatic K3 


example, Fig. 3.4 shows the case t = 3. The resulting 2i + 1-colored K>,5; avoids a 
monochromatic K3, from which is follows that gr'(K3) > 2-5@~)/? + 1 when t is 
odd. 

In the next theorem, the following simplifiied notation is used for the corre- 
sponding ft-color Ramsey and star-critical Ramsey numbers. For each s such that 
1<s <t, let 


er(s;t—s):= gr(2K3, 2K3,...,2K3, K3, K3,..., K3) 
eee 
s terms t—s terms 
and 
grs(8;t — S) := grsx(2K3,2K3,...,2K3, K3, K3,..., K3). 
—_—_.2.. oo” 
s terms t—s terms 


Theorem 3.6 ((3]) [ft > 4 is even and 1<s <t, then 
grs(s;t—s) = gr(s;t—s)—1. 
Proof In Theorem 1.6 of [94], it was shown that when t > 4 is even, 
gr(s;st—s)= cde ee = 1, 


and the construction that led to this result is the basis of this proof. Following the 
construction given above, begin with the t-colored complete graph G;/2 of order 
5'/2 described above. This coloring was constructed from G;/2-1 (which uses colors 
1,2,...,t—2) by replacing all of the vertices with copies of K5 in colors t— 1 and t 
in which each color spans a subgraph isomorphic to Cs. Select a block in G;/2 (..e., 
one of the K5-subgraphs that replaced a vertex in G;/2-1), and label it X. Next, 
select s vertices not contained in X and label them x1, x2,..., xs. This is possible 
since s < t,t > 4, and there are 5‘/2 — 5 > t vertices to choose from. 
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Fig. 3.5 A Gallai 4-coloring of K32 — e that avoids a monochromatic copy of 2K3 in colors 1, 2,3 
and a monochromatic copy of K3 in color 4 


For each | <i < s, replace x; with a copy of K3 in color 7. In this construction, 
2s vertices have been added to G;/2, and while there exists K3 subgraphs in each 
of the colors 1,2,...,5, no 2K3-subgraph exists in any of these colors. Also, 
monochromatic K3-subgraphs are still avoided in colors s + 1,5 + 2,...,¢. The 
resulting t-coloring of K5r/s4, provides the lower bound for gr(s; t — s). 

Select a vertex a € X and introduce a new vertex b. For every x 4 a, b, color 
edge bx the same color as edge ax, leading to The edge joining a and b is the 
missing edge. For example, the construction corresponding to s = 3 andt = 4 is 
given in Fig. 3.5. The resulting K5/249,4, — e still lacks a monochromatic K3 in 
colors s+ 1,5 + 2,...,¢ since any such K3 created by the addition of b would 
have to include b, but no such subgraph existed that included a. For 1 <i < s, 
every monochromatic K3 in color i must include at least two vertices from the the 
K3-subgraph that replaced vertex x;. This prevents the existence of a 2K3 in color i. 
It follows that gr,(s;t—s) = 5'/* +2s and (2K3, 2K3,...,2K3, K3, K3,..., K3) 
is Gallai-Ramsey-full in this case. oO 


Theorem 3.7 ((3]) Jft > 3 is odd and k € N then the t-color star-critical Gallai- 
Ramsey number satisfies 


grx(K3, K3,..., K3,kK3) = 2-5"? + 3k —3. 


Proof This proof is based on Corollary 1.5 of [94], where it was shown that 


er(K3, K3,..., K3,kK3) = 5°")? + 3k —2, 


716 3 Generalizations of Star-Critical Ramsey Numbers 


Fig. 3.6 A Gallai 3-coloring of K3,48 — e that avoids a K3 in colors | and 2 and avoids ak K3 in 
color 3 


when t > 3 is odd. Begin with Gqy—1)/2, which is a (t — 1)-coloring of K5¢-1/2 


using colors 1, 2,...,¢— 1. Replace a single vertex with a copy of K3,_, in color t 
and replace all other vertices with copies of K2 in color t. The resulting t-coloring 
of K5,5¢—-1)/2434~3 avoids a monochromatic copy of K3 in colors 1, 2,...,¢—1 and 


a monochromatic copy of k K3 in color f. 

Select a vertex in one of the K2-subgraphs in color ¢ and label it a. Introduce a 
vertex b and for all vertices x 4 a, b, color edge bx the same color as edge ax. The 
edge joining a and b is the missing edge. For example Fig. 3.6 shows the case t = 3. 
No monochromatic K3 in colors 1, 2,...f — 1 exists that includes vertex b since no 
such graph existed that included a. Since b only joins to vertices in the K3,_, in 
color f via edges in colors other than t, no copy of kK3 exists in color ¢. It follows 
that gr,(K3, K3,..., K3,kK3) =2-5¢-)/? 4 3k —3 and (K3, K3,..., K3, kK3) 
is Gallai-Ramsey-full in this case. Oo 


Theorems 3.6 and 3.7 led the authors to state the following conjecture (see Open 
Problem 6). 


Conjecture 3.2 ({3]) Letm; € N and n; > 3 for all 1 <i < t. Then 


grx(m Kn,, m2Kyn,, tees m,Kn,) = gr(mKn,, m2Kn,, sees mtKn,) -i1. 


3.2 Deleting Subgraphs Other Than Stars 


A recent variation of star-critical Ramsey numbers has been developed by Yan Li, 
Yusheng Li, and Ye Wang in a collection of papers ([62—65, 86, 87], and [88]). The 
idea they introduced involves deleting subgraphs other than stars from complete 
graphs to destroy the Ramsey property. Let G = {Ax, Hy+1,,...} be a class 
of graphs, where k > 1 and 6(H,) > 1 forn > k. Then for graphs G, and 
G2 with r(G;, G2) = p, define the G-critical Ramsey number rg(G1, G2) to be 
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the maximum number n such that every red/blue coloring of K, — E(H,) (with 
|V(H,)| < p) contains a red copy of G, or a blue copy of Go. 
For example, some classes of graphs worthy of consideration include 


S = {Ki1, Ki2,..-}, M={M,, Mo,...}, P= {Po, P3,...}, 
and K= {Ko, K3,...}, 


where K,,, is a star of size n, M, is a matching of size n, P, is a path of order n, 
and K,, is a complete graph of order n. In the case of S, observe that 


rg(G1, G2) = r(G1, G2) — 1 — rg (G1, G2) 


(equivalently, rs(G1, G2) = de(G 1, G2) — 1). As such, results concerning the S- 
critical Ramsey number have all been described in terms of star-critical Ramsey 
numbers in this text. These include results from [61—65, 87], and [88]. 

For K-critical Ramsey numbers, Wang and Li [86] proved the following general 
upper bound. 


Theorem 3.8 ((86]) Let G; be a connected graph with order at least 2. Then 
re(Gi, Ga) = @(G1) 7r(G1, G2) —(V (G1) — DG (G2) = b= 1. 
In particular, if G, is G2-good, then 
rK(G1, G2) < a(G1) + (G2) — 1. 


Proof First consider the case where x (G2) = 1. In this case, G2 is an empty graph 
(it does not contain any edges), from which it follows that r(G;, G2) = |V(G2)|. 
Then 


rK(G1, G2) =r(G1, G2) = |V(G2)| < a(G1) + |V(G2)| — 1, 


corresponding with the first claim in the lemma. 
Now assume that x (G2) > 2 and let 


t=a(G1) +r(G1, G2) — (V(Gi)| — D(x(G2) — D — 1. 


The first claim in the lemma will follow from constructing a red/blue coloring of 
Ky(G),G2) — E(K;) that contains a red copy of G; or a blue copy of Gp. Start 
with a blue Ky (G,)-1 and replace one of its vertices with a red K\y(G,)|-a(G)-1 
and the other x(G2) — 2 of its vertices with red K\y(G,)|-1-subgraphs. Introduce 
t vertices, forming a tK,, and join them to the red Kyy(G,)|-1-a(G,)—1-Subgraph 
with red edges. Join them to the vertices in the red K\y(G,)|_1-subgraphs with blue 
edges. These t vertices form the deleted K;-subgraph (see Fig. 3.7). 
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Fig. 3.7 A red/blue coloring x(G2)-2 copies 


of K+(G,,G) — E(K;) that racers! \eSSSsS 
avoids a red G, and a blue 


G2 


There are not enough vertices to contain the connected graph G; in any 
of the red K)y(g,)\-1-subgraphs. The other red component is isomorphic to 
K\v(G,)|-a(G,)—1 + ¢K,. Consider any selection of |V(G,)| vertices within this 
component. At least a@(G,) + 1 of the vertices must come from the tK,, and 
hence, the subgraph induced by the set of |V(G1)| vertices must have independence 
number exceeding that of G;. Thus, no red G, is contained in this component 
either. Also, the subgraph spanned by the blue edges can be properly vertex colored 
by assigning colors according to which red component they are in. Hence, the 
chromatic number of any blue subgraph is at most x(G2) — 1, preventing the 
existence of a blue G2. It follows that 


rK(G1, G2) < a(G1) + (G1, G2) — (V(G1)| — D(x(G2) — ) - 1. 
Finally, if G; is G2-good, then 
r(G1, G2) = (IV (Gi) — I)(x(G2) — D + 5(G2). 
Plugging this into the above inequality results in 
rK(G1, G2) < a(G1) + s(G2) — 1, 


completing the proof of the theorem. oO 


The inequality in Theorem 3.8 is similar to the 2-color case of Theorem 1.3, if it 
were stated in terms of rg(G,, G2) rather than in terms of r,(G 1, G2). This result is 
useful in determining the value of rg(K1,m, Kn). 


Theorem 3.9 ([86]) For all integers m,n > 2, re(K1.m, Kn) =m. 
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Proof In [21], Chvatal proved that r(K1,m, Kn) = m(n — 1) + 1. Note that Kj, is 
n-good. Theorem 3.8 then implies that rc(G1, G2) < a( Kim) =m. 

To prove the reverse inequality, it must be shown that every red/blue coloring of 
Kmna—1)+1 — E(Km) contains a red Kim or a blue Ky. If n = 2, then Kina) — 
E(Km) = Kim. There exists a blue K2 if any edge is blue. If all of the edges are 
red, then the graph forms is a red Ky. It follows that rg(K1,m, K2) > m. 

For n > 3, consider a red/blue coloring of Kin(n—1)41 — E(Km) that avoids 


a blue Ky. Let yj, y2,..., ¥m(~m—2)+1 be vertices that are not in the K,, whose 
edges are deleted. Since r(K1,, Kn—1) = m(n — 2) + 1, the subgraph induced 
by {y1, y2,---, ¥m(n—2)+1} contains a red Km or a blue K,—;. Assume the latter. 


Since a blue K,, is avoided, every vertex not in the blue K,— joins to at least 
one vertex in the K,—; with a red edge. As there are (m — 1)(n — 1) + 1 such 
vertices, by the pigeonhole principle, at least one of the vertices in the blue Ky,_ 
must join to at least m other vertices via red edges, forming a red Kj». It follows 
that re (Kim, Kn) = m when n > 3, completing the proof. oO 


This section is concluded by listing two additional theorems by Wang and Li [86] 
concerning K-critical Ramsey numbers. The deletion of other classes of graphs than 
S and K is mostly unexplored at present (see Open Problem 9). 


Theorem 3.10 ((86]) For any integer n > 4, rg (C4, Pn) = [51. 
Theorem 3.11 ([86]) For any integer n > 2, re(K3, Fn) =n. 


Chapter 4 Mm) 
Directions for Future Research and Cheek for 
Summary of Known Values 


4.1 Directions for Future Study 


Some time dedicated to a careful inspection of Radziszowski’s dynamic survey 
[76] can uncover numerous known Ramsey numbers whose star-crtical counterparts 
have not yet been investigated. Besides these open cases, this section includes a 
list of some open problems that have naturally presented themselves through the 
material in this book. It is hoped that the following open problems will provide 
good starting points for continued research into star-critical Ramsey numbers, and 
their generalizations. 


1. Let mj, mz2,...,m; be integers greater than 1, exactly k of which are even. 
Then Burr and Roberts [14] proved that 


N—t+1ifk >2is even 


r(K 5 KA W550 005 KK = . 
( l,m 1,m2 1,m,) N=fP42 otherwise, 


where 


t 
N= > mi. 


i=1 


In Theorems 2.4 and 2.5, the corresponding star-critical Ramsey number was 
evaluated in the cases where k is 0, 2, or is odd (see [5]). At present, its value 
has not been determined when k > 2 is even, although it is conjectured (see 
Conjecture 2.1) to be 


rx(Ki mj; Kimys+++5 Ki,m,) =N-t, 


in this case. 
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4 Directions for Future Research and Summary of Known Values 


. In Theorem 2.8, the upper bound r,.(7,", T*) < m+n —5 was proved for 


m?~n 
all m,n > 5 that satisfy either (m — 1)|(n — 3) or (n — 1)|(m — 3). Can any 
improvements be made to this upper bound? Can a corresponding lower bound 
also be determined? Besides the case that restricts to the given divisibility 
properties, one can also consider r,(7,*, T,") in other cases. See Theorem 3.2 in 
Guo and Volkmann’s paper [38] for the Ramsey numbers for other cases. 


. From Theorem 2.7, r.( Pin, K1,,) has been evaluated whenever m > 2n + 1. 


What about the cases where m < 2n+ 1. Note that Theorem 2.6 gives an upper 
bound for r.( Pm, K1,.) when (m — 1)|(n — 1). Is this bound exact? 


. Theorem 2.28 gave the evaluation of r,.(K3, W,) when n > 7. The casen = 4 


corresponds with r,(K3, K4) = 8, which follows from Theorem 1.1. The values 
of r.(K3, Ws) and r.(K3, We) have not yet been determined. 


. In [84], Su and Liu conjectured that if G is a graph that does not contain any 


isolated vertices, then G is Ramsey-full if and only if G is Gallai-Ramsey- 
full (see Conjecture 3.1). It was noted in Sect.3.1 that this conjecture is true 
for complete graphs. Besides those considered by Su and Liu, for what other 
graphs can this conjecture be verified? 


. Conjecture 3.2 in Sect.3.1 states that (m1 Kn,,m2Kn,,...,m1Kn,) is Gallai- 


Ramsey-full for all m; €¢ N andn; > 3, where 1 <i < t. Theorems 3.6 and 3.7 
offer support for this conjecture and it may be possible to use additional results 
from Zhang et al.’s paper [94] to prove additional cases where n; = 3 for all i. 


. Weakened Ramsey numbers were first introduced by Chung et al. in 1977 


[19]. For 1 < s < t, define the weakened Ramsey number ri (G) to be the 
least natural number p such that every t-coloring of Kp contains a subgraph 
isomorphic to G that is spanned by edges using at most s colors. From this 
definition, it follows that r\(G) = r'(G). Currently, the star-critical Ramsey 
number for weakened Ramsey numbers has not been studied when s > 2. 


. One can further generalize the concept of a weakened Ramsey number by 


restricting to Gallai colorings (see [2] and [7]). The weakened Gallai-Ramsey 
number gri(G) is the least natural number p such that every Gallai t-coloring 
of Ky contains a subgraph isomorphic to G that is spanned by edges using at 
most s colors, where | < s < t. Currently, the star-critical Ramsey number for 
weakened Gallai-Ramsey numbers has not been studied when s > 2. 


. The G-critical Ramey numbers defined by Li et al. [62—65, 86, 87], and [88] can 


be defined and studied for other classes of graphs than those given in Sect. 3.2. 
For example, one can consider the classes 


B= {Ki1, K22,...}, C={C3,C4,...} and D={K3-e, K4-e,...}. 


Forr > 2, anr-uniform hypergraph H consists of a vertex set V (7) and a set of 
r-uniform hyperedges E(H), whose elements are r-element subsets of V(/#7). 
The complete r-uniform hypergraph of order n, denoted K, @) , consists of n ver- 
tices in which every r-element subset is a hyperedge. Analogous to the Ramsey 
number for graphs, one can define the Ramsey number r(M), H2,..., Ai; 7), 
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where 1, H2,..., H; are r-uniform hypergraphs. The most natural way to 
extend star-critical Ramsey theory to hypergraphs follows the generalization of 
Li, Li, and Wang described in Sect. 3.2, by deleting subhypergraphs of a certain 
class. For example, for n > r, let s be the r-uniform star, defined to have 


center vertex x, —1 other vertices yj, y2,..., ¥,—1, and whose hyperedges are 
those that contain x and r — | vertices from {y1, y2,..., Yn—1}. For the classes 
of hypergraphs 


g) a (se. 5) 


Ojos} and KO S(O, RO ah 


r+1° 


one can define S$”) and K“?-critical Ramsey numbers analogously to G-critical 
Ramsey numbers. 


4.2 Summary of Bounds and Tables of Known Values 


In this section, the current known (nonasymptotic) evaluations of star-critical 
Ramsey numbers are summarized for easy reference in Tables 4.1, 4.2, 4.3, 4.4, 
4.5, and 4.6. In the case of complete graphs, 


rx(Kn,, Kny, +++; Kn,) = r(Kn,, Kn, tees Kn,) =1, 


where n; > 2 for all 1 <i < t (see Theorem 1.1). The Gallai version of this result 
also holds. Ifn; > 2 and 1 <i < t, then 


8rx(Kn,, Kn, tees Kn,) _ er(Kn,, Kn, tees Kn,) —1. 


Recall that P, is a path of order n, T,, is a tree of order n, F is a forest, K1,y is a 
star of order n + 1, Ky is a complete graph of order n, mK; is the disjoint union of 
m copies of Ky, Cy, is a cycle of order n, W;, is a wheel of ordern, F, = Ki +nKo, 
Bn = Kr +nKj, Fin = Ki +nkK;, and Byp(n) = Kp +nKj. 
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Table 4.1 Known star-critical Ramsey numbers involving trees 


Star-critical Ramsey number Location in this book 
Tx(Pn, Pn) = [Fl for all n > m > 2 [47, 48] Theorem 2.2 
ri,(P3) = 1, for all odd ¢ > 1. [5] Theorem 2.3 


N-t ifk=2 
ry (K ,K yeee) Kim,)) = Theorems 2.4 and 2.5 
ease ie m=) 1 stk <0 orkis odd, 


where N is the sum of the m; and k is the number of m; that are even. [5] 
rs (Pm, K1,n) =n, for all m,n € N such that m > 2n + 1. [88] Theorem 2.7 

1 (Tin, Knys Kno, +--+, Kn,) = (m — I(r(Kn,, Krys ---, Kn,) — 2) + 1, | Theorem 2.10 
for all m,n; > 2, where 1 <i < t. [5, 47, 50] 


m(F) 
r(F, Kn, Kny,---, Kn,) = Go — Dip -—3) + & iki(F), Theorem 2.11 
i=jo 
where p = r(Kn,, Kny,.--, Kn,) and jo, kj(F), and m(F) are defined 
in Sect. 2.2. [55] 


r,(P3, Ky, — e) = 2n — 5, for all odd n > 4. [47] Theorem 2.12 
rx(P4, K4 — e) = 4. [5] Theorem 2.13 
Tx (P3, P3, Kn,, Kno, --+, Kn,) = 2r(Kn,, Kny,---, Kn,) — 2, Theorem 2.14 
for all nj > 2, where 1 <i <t. [5] 

rx(C4, Pn) = 3, for all n > 3. [47, 50] Theorem 2.22 
rx(Cm, Kin) =n +1, for all m,n € N such that m > 2n + 2. [88] Theorem 2.23 
rx(Pm, Fy) =m +n — 1, for all n > 2 and m > 2n + 1. [88] Theorem 2.40 
T, (Pm, By) =m, for alln > 4 and m > 2n. [88] Theorem 2.47 


rx(K1 m—1, Bn) =m, for all m,n € N such that m > 3n — 1. [87] Theorem 2.48 
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Table 4.2. Known star-critical Ramsey numbers involving cycles or wheels 


Star-critical Ramsey number 
rx (C3, Cn) =n +1, for alln > 3. [47] 


Location in this book 
Theorem 2.16 


ry(C4, Cn) = 5, for alln > 4. [90] 


Theorems 2.17 and 2.19 


rx(Cm, Cr) =n + 1, for m odd, n > m > 3, and (m,n) ¥ (3, 3). [95] | Theorem 2.20 
rx (C4, Py) = 3, for all n > 3. [47, 50] Theorem 2.22 
ry(Cm, Kj.n) =n +1, for all m,n € N such that m > 2n + 2. [88] Theorem 2.23 
ry (C4, K4) = 9. [54] Theorem 2.24 
rx(Cm, K4) = 2m, for all m > 5. [47, 54] Theorem 2.26 
rx (C3, Wr) =n + 2, for all n > 7. [47] Theorem 2.28 
rx(Cm, Wy) = 2m, for n even, m+ 1>n > 6, and m > 60. [67] Theorem 2.30 
Ty (Cm, Wy) =n + 2, for odd m > 5 andn > 2a + 3. [68] Theorem 2.31 
r,(C3, Fy) = 2n + 2, for all n > 2. [66] Theorem 2.42 
r, (Bz, C3) = 5. [5] Theorem 2.45 
n(CuBy= {2 fesman son for 7 large. [64] Theorem 2.49 
2n+1 ifn+l<m< O° 


rx (K 13 + e, C3) = 4. [5] 


Theorem 2.51 


r(C3, Fn) = 3n + 3, for all n > 4. [42] 


Theorem 2.53 


rx (Cr41, Byp(n)) = r(Cre+1, Byp(n)) — 1, 
fork, p € N and n is large. [62] 


Theorem 2.57 


Vx (Coegi, Ki +nG) = r(Co41, Ki +nG) — |V(G)|n + 6(G), 
where k € N and n is large. [62] 


Theorem 2.58 


Table 4.3, Known star-critical Ramsey numbers involving disjoint unions of complete graphs 


Star-critical Ramsey number 
r,.(mK2,nK2) =m, for alln > m > 1. [47, 50] 


Location in this book 
Theorem 2.33 


4 
r.(m, Kz, m2K2,...,m;K2) =1+ (mi — VD, 
i=2 
for all my > m2 > --- > m; > 1. [47, 50, 92] 


Theorems 2.33 and 2.34 


Tx(Km,nK2) =m + 2n — 3, for all m > 3 andn > 1. [66] Theorem 2.35 

r,(mK3,nK3) = 2m + 3n — 1, for alln > 2 andn > m > 1. [47,50] | Theorem 2.37 

r,(mK3,nK4) = Derbi GE em for all m > 1 andn > 2. [66]| Theorem 2.38 
3m + 3n otherwise, 

r.(mMKx,nKe) = (k — 1)m + (€ — 1)n + max{m, n} + p — 3, Theorem 2.39 


where p = r(Kx-1, Ke-1), k, € = 3, and m and n are large. [95] 
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Table 4.4 Known star-critical Ramsey numbers involving fans or books 


Star-critical Ramsey number Location in this book 
rx(Pm, Fn) = m+n —1, for alln > 2 andm > 2n + 1. [88] Theorem 2.40 
r,(K3, Fy) = 2n + 2, for all n > 2. [66] Theorem 2.42 
r.(K4, Fy) = 4n + 2, for all n > 4. [40] Theorem 2.44 
r, (Bz, K3) = 5. [5] Theorem 2.45 
ry (Bz, K1,3 +e) = 5. [5] Theorem 2.46 
r, (Pm, By) =m, for alln > 4 and m > 2n. [88] Theorem 2.47 
ry(Kim—1, Bn) = m, for all m,n € N such that m > 3n — 1. [87] Theorem 2.48 
Ce ee a on forn large. [64] Theorem 2.49 
2n+1 ifn+l<m< o> 

1, (K3, F3,n) = 3n + 3, for alln > 4. [42] Theorem 2.53 
Tx (Crx41, Byp(n)) = r(Cre41, Byp(n)) — 1, Theorem 2.57 
fork, p € N and nis large. [62] 


Table 4.5 Known t-color star-critical Gallai-Ramsey numbers 


Star-critical Gallai-Ramsey number Location in this book 
geri (C4) =t + 3, for all t > 2. [84] Theorem 3.2 
gri(P4) = t, for allt € N. [84] Theorem 3.3 
eal et cal 5 Theorem 3.4 
m if m > 3 is odd, 

grs(s;t—s) = gr(s;t—s)—-1, Theorem 3.6 

for allevent > 4andt >s > 1. [3] 

gry(K3, K3,..., K3, kK3) = 2-5¢-D/? 4 3k — 3, Theorem 3.7 


for all odd t > 3 andk EN. [3] 


Table 4.6 Known K-critical Ramsey numbers 


Star-critical Gallai-Ramsey number Location in this book 
rK(K1 ms, Kn) = m, for all m,n > 2. [86] Theorem 3.9 

re (C4, Py) = [51 for all n > 4. [86] Theroem 3.10 
rK(K3, F,) =n, for all n > 2. [86] Theorem 3.11 
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Proper vertex coloring, 2 


R 

Ramsey-full, 6 

Ramsey multiplicity, 18 
Ramsey number, 3 


N) 

Size, 1 

Size Ramsey number, 7 
Spans, 4 

Star, 4 


Star-citical Gallai-Ramsey number, 


70 
Star-critical Ramsey number, 5 
Subgraph, 2 
Sum of graphs, 4 


T 
t-coloring, 3 
Tree, 4 


U 


Upper size Ramsey number, 7 


Vv 
Variety of a forest, 24 


Ww 


Weakened Gallai-Ramsey number, 82 


Weakened Ramsey number, 82 
Wheel, 5 
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